Sure Independence Screening for Ultra-High
Dimensional Feature Space

presenter: Fei Yang 2021/04/30




CONTENTS

1. Varibale Selection Overview
1.1Background information
1.2Insight on High Dimensionality
1.3Exisitng Methods(LASSO,SCAD,DS)

2. Sure Independence Screening(SIS)

3. Extended SIS
3.1 ISIS
3.2 SIS in GLM
3.3 Rank Correlation

4. Application

5. Conclusion




1.Varibale Selection Overview

1.1Background information

Variable selction plays an important role in high dimensional statistical modeling.
Frequent in:

*Biological science: disease classification/ predicting clinical outcomes using high-throught
data; association studies;

*Engineering: Doc or text classification, computer vision;

*Economics, Finance, Marketing: sale data collected in many regions
*Spatial-temporal:Meteorology: Earth Sciences; Ecology.
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1.Varibale Selection Overview

1.1Background information

» While adding much greater flexibility to modeling with enriched feature space, ultrahigh-
dimensional data analysis poses fundamental challenges to scalable learning and inference
with good statistical efficiency.

« Sure independence screening(SIS)FfIZ 43 77515 is a simple and effective method

to this endeavor. This framework of two-scale statistical learning introduced in Fan
and Lv (2008), has been extended to various model settings ranging

» Parametric * regression

- Semiparametric ‘ « classification

* Nonparametric  survival analysis
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1.Varibale Selection Overview

1.2 Insight into high dimensionality

Consider the variable selection problem in linear model
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1.Varibale Selection Overview

1.2 Insight into high dimensionality

Consider the variable selection problem in linear model
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1.Varibale Selection Overview

1.3 Existing Methods

BT RERERIETTA.

AIC,BIC, Combinatoric, NP-hard problem, computational intensive
bestsubset  \yhen p is large

selection
LASSO Provide sparsity solution, model selection consistency: 1996 £ s _.( - ' )y +AY | |
very strong conditions(Zhang and Yu (2006)) 2 ~=1 =t
Bridge Provide sparsity solution(0<q<1) 1993 = S_.( = " )YS_ ]|
, includes LASSO( ) and Ridge( ) as special 2 ~=1 =t
case( )(g>0) where 0< <1
SCAD Oracle property, low dimension — - O(Fan and Peng 2001 2i >, - )+ - 4D
2004)
Adaptive Oracle property, low dimension (Zou 2006) 2006 B s_.( — )+ 3 | ]
LASSO 2 ==l =1
Dantzig High dimension (p>n), Oracle property Need uniform 2007 I ¢ = I Ay 0

Selector uncertainty principle condition (UUP)(Candes and Tao
2007). Linear programming is slow in ultrahigh dimension

- p can not grow exponentially -
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1.Varibale Selection Overview

1.3 Existing Methods

LASSOE/EST :

Relaxed Lasso ( {ZHIREELGEEE )

Adaptive Lasso ( HEABGEITERNESINE )

LASSOE/ESTRYARE ¢

Elastic Net#f1Group Lasso ( Bf4HZT& ) . Fused Lasso ( BFZEE ) .
Graph Lasso ( Eg5H ) .

JEEST
SCAD, MCP ( KEFRITLATRIE. Fpmit. EEE )
HEAhSEAETT RN

Dantzing selector ( DS ) REfTEGIE. | SIS REMTER A

Source from Qing Zhao
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1.Varibale Selection Overview

1.3 Existing Methods  SCAD
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1.Varibale Selection Overview

1.3 Existing Methods
Dantzig Selector(DS)
DS ENSHGITT A TROLRIRRAIRE :
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2. Sure Independence Screening(SIS)

2.1 Sure Independence Screening

Fan and Lv(2008) BB THEE4ET &Mt (Variable
Sure independence screening: By using correlation ranking e = _
F; = Jcorr(X;, Y)| (Fan and Lv, 2008), Selection) AIMEE, XEIMHEENZEFNMA SR
PearsontEX REUHT T IHEAMAVIRIC T, EESL 7 HRERTH
WEMER, 1R THRRINIZTFIE (Sure Independence
Screening, SIS) J3iEFIEHBIRIRIZIFET A

(Iterative Sure Independence Screening, ISIS) ,

% reduce dim from p = O(exp(n?)) to d = o(n)

% Limitations: BLinear models. BJoint normality. e N
g R ERENE M (d<n),
Y= 2 BX+e
jeat,

EaETEEFENFE S AE B Pearson 18X DR
BIRMEIEMR, BREETE, AEHENLELINETE
RS UG,
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2. Sure Independence Screening(SIS)

2.2 SIS-Overview

Sure Independence Screening
* A broader variation of correlation learning

* Ranks the importance of features

Uses marginal correlation of Of(np) Probability that all important the response variables
features to the response variable variables survive is 1

to rank their importance

*Reduce logrithmic factor:

_ Log(p)  Log(d)< Log(n)
Given M, the true model and M., the model selected by SIS:

*Oracle Property#igiis:
mP(M C—M Y53 s 500 Selecting right model; estimating parameters
- 2 efficiently
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2. Sure Independence Screening(SIS)

2.3 SIS-Methodology

» Consider a linear regression model
= +

Where = ( , ... ,) %1 vector of parameters, (p>n)

~

« When p>>n, theleastsquareof B (B=( ) ) is not well defined due to the singularity
of

+ A useful technique to deal with singularity of the design matrix X is the ridge regression ,
defined by

p=C + )
Where is a ridge parameter
* [fA -0, then E,{ tends to be the least squares estimator
* If 1 - oo, then AB;tendsto XY
« This implies that
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2. Sure Independence Screening(SIS)

2.3 SIS-Methodology-Pearson correlation

PearsonifIfxtE3%

» Consider a linear regression model
= +

* In practice, all covariates and the response are
marginally standardized respectively ( =0, =1)

. Then: becomes the vector consists of the
sample version of Pearson correlations between the
response and individual covariate. This is the
motivation of using Pearson correlation as a marginal

utility for feature screening.
+ Specifically denote,

1
= - ' = 1121 ------ '

* Here, it is assumed that both and are

marginally standardized
. is indeed the sample correlation between the j-th

predictor and the response variable

X FLMRE, BihEESNTZETNEX,
BOEY=0, =0yvarY=1,yvar( )=1,j=1,..p Eit,
= +

RE ()=0, 5 (% )EXR ##%

—~

= - (C.,)=0 )= .)
Hho( |, YEZRENZE SYRILREXEE,
A  FrSEMNEESIENETEYBFRMEXER
#.
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2. Sure Independence Screening(SIS)

2.3 SIS-Methodology

+ centered and standerlized
* Then create models accordingto = +

[ _—

* Then find ~ for each model, i.e. ",
* Then rank the absolute value of correlation =, ~ to obtain d largest ones that d<n

*  Now we have reduced the variables from p to d, we can choose from many different low-
dimensional methods to reduce the parameter space further

—_
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2. Sure Independence Screening(SIS)

2.3 SIS-Methodology-Pearson correlation

« Fan and Lv suggested ranking all predictors accordingto| |
» To be specific, for any given (0,1), the[ ] top ranked predictors are selected to obtain the

submodel
={1= = | | [ ] }
SCAD
DS
SIS |
SCAD
d' d D

Figure 2: Methods of model selection with ultra high dimensionality.

1. Apply SIS to reduce dimensiionality from p to large scale d (d<n)
2. Use lower dimensional model selection method (SCAD, DS, AdalLasso)
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2. Sure Independence Screening(SIS)

2.4 SIS-Simulation 1:” independent” features

(n, p, s) = (200, 1000, 8) and (800, 20000, 18)

200 datasets
Table 1: Results of simulation I
Medians of the selected model sizes (upper entry)
and the estimation errors (lower entry) (a) Histogram, n=200, p_=1000 (b) Histagram, n=800, p, =20000
p DS Lasso SIS-SCAD SIS-DS SIS-DS-SCAD SIS-DS-AdaLasso e xe
250
1000 10° 62.5 15 27 150 s
1381  0.895 0374 0.795 0.614 1.269 10 i
20000 — 37 119 -
50
\— — 0.288 0.732 0.372 1.014 50
’ DD .EEL 100 150 200 250 OD 500 1000 1500 2000 2500

/

Computation

Limits for DS & Lasso

\—T—}
=[—1

Minimum number of variabes Minimum number of variabes

Figure 4: (a) Distribution of the minimum number of selected variables required to include the true
model by using SIS when n = 200, p = 1000 in simulation L (b) The same plot when n = 800, p =
20000.

Figure 4:SIS (RIEREREBIENRIR/DFERIModel size
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2. Sure Independence Screening(SIS)

2.4 SIS-Simulation 1:” dependent” features

Data: (= ) ( +1 1)

©04), (01
ERAERA T < SHTARIERAER S B I S 14—
o © )& © ) -

EV = +r = +1 2 200 1000 8 4 15 15—
= +1-) , =2s+1 ,p Ne
(n, p, ) = (200, 1000, 5) ,(200, 1000, 8) ,(800, 20000, 14) 800 20000 14 - 2 15—

Table 2: Results of simulation 11

Medians of the selected model sizes (upper entry)
and the estimation errors (lower entry)

(a) Histogram, n=200, pn=1 000, 5n=5 (b) Histogram, n=200, pn=1 000

(c) Histogram, n=800, p"=20000

250 60
200
150

40

100

50

P DS Lasso SIS-SCAD SIS-DS SIS-DS-SCAD SIS-DS-AdaLasso
1000 10° 91 21 56 27 52
(s=5) L1256 1.257 0.331 0.727 0.476 1.204
10% 74 18 56 315 51
(s =8) 1465 1.257 0458 1.014 0.787 1.824
20000 — — 36 119 54 86
— — 0.367 0.986 0.743 1.762

100 20
50

0 0 0
0 50 100 150 200 250 0 100 200 300 400 500 0 1000 2000 3000 4000

Minimum number of variabes Minimum number of variabes Minimum number of variabes

Figure 5: (a) Distribution of the minimum number of selected variables required to include the true
model by using SIS when » = 200,p = 1000, s = 5 in simulation II. (b) The same plot when n =
200, p = 1000, s = 8. (c) The same plot when n = 800, p = 20000.

Figure 5:SIS (RIEEEEHFIENNER/DEZERIModel size

Sure Independence Screening for Ultra-High Dimensional Feature Space




2. Sure Independence Screening(SIS)

2.4 SIS-Potential Issues

Potential Issues with SIS

1. Some unimportant predictors high|y correlated ¢ False Positive: What if X2, -+, Xog highly correlated with
with important predictors (False POSitiVG'TEiBEl'rE) an important X4, but weakly correlated with Y conditionally?

2.Important predictors that is marginally o= i g

uncorrelated but Jomtly correlated with response ¢ False Negative: What if X4 marginally uncorrelated with Y,

cannot be picked.(False NegativejFi2) but jointly correlated with Y?
3.Collinearity of predictorsZE1t4k 4 Y =X +Xo+ X +PaXa+€ st cov(Y,Xs) =0.

L

ISIS
(iterative sure independence screening)
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3. Extended SIS

3.1 iterive SIS(ISIS)

o Select subset of k; variables A = {xﬁ,xfa, ...,xjkl}

@ Use n-vector of residuals as new responses and reapply SIS to
remaining p — k; variables A, = {Xﬁ = ..L,Xjkz

@ Weaken priority of unimportant variables

@ Variables missed in first screening will survive

@ Stop until we get { disjoint subsets of Az, ..., Ay whose union
A = U‘_, A; has a size d, which is less than n
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3. Extended SIS

3.1 iterive SIS(ISIS)--Numerical Studies

For the first simulated example, we used a linear model : 4: Results of simulated example I: Accuracy of SIS, LASSO and ISIS

in including the true model { X7, X5, X3}
¥ = 5X1 +5X2 +5X3 + &,

p n p=0 p=01 p=05 p=09
where X1,--- , X, are p predictors and £ ~ N (0, 1) is a noise that is independent of the predictors. In SIS 55 855 690 670
the simulation, a sample of (X1, -- - , X)) with size n was drawn from a multivariate normal distribution 2D LASSD  O00 il 2 270 |
N(0,%) whose covariance matrix ¥ = (0jj)pxp has entries 0;; = 1,4 = 1,--- ,pand g;; = p, i # j. 10 ISSIIS i i i 1
We considered 18 such models characterized by (p, n, p) with p = 100, 1000, n. = 20, 50, 70, and 50 LASSO 1 1 1 1
p=0,0.1,0.5,0.9, respectively, and for each model we simulated 200 data sets. ISIS 1 1 1 1 |
SIS .205 255 145 085
20 LASSO .340 555 556 220
ISIS 1 1 1 1|
ISIS piCkS all true variables. SIS 990 060 870 860
1000 | 50 LASSO 1 1 1 1
ISIS 1 1 1 1|
SIS 1 .995 97 .97
70 LASSO 1 1 1 1
ISIS 1 1 1 1 |
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3. Extended SIS

3.1 iterive SIS(ISIS)--Numerical Studies

For the second simulated example, we used as in example I except that p was fixed to be

0.5 for simplicity. In addition, we added a fourth variable X, to the model and the linear model is now

Y =5X1 +5Xa+5X3 — 15{/pXa ]t ¢,

where Xy ~ N(0,1) and has correlation \/p with all the other p — 1 variables. The way X4 was
introduced is to make it uncorrelated with the response Y. Therefore, the SIS can not pick up the true

model except by chance.

Table 5: Results of simulated example II: Accuracy of SIS, LASSO and ISIS
in including the true model { X, Xo, X3, X4}

P p=05 n=20 n=50 n=70
SIS 025 490 740
100 LASSO  .000 360 915
ISIS 1 1 1 ISIS alSIS picks all true variables.
SIS .000 .000 .000
1000 LASSO  .000 .000 .000

ISIS 1 1 1
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3. Extended SIS

3.1 iterive SIS(ISIS)--Numerical Studies

For the third simulated example, we used the same setup as in example IT except that we added a fifth

variable X5 to the model and the linear model is now
Y =5X1 +5Xo +5X3—15/pXy + X5 +¢,

where X5 ~ N(0, 1) and is uncorrelated with all the other p — 1 variables. Again X is uncorrelated
5 xIX;
5 SEXCEMIRER);
Table 6: Results of simulated example I1I: Accuracy of SIS, LASSO and ISIS

- : ISIS : Mearsures Accuracy
in including the true model { X, Xo. X3, Xy, X5}

P p=105 =20 #=hl M=o
SIS .000 285 .645
100 LASSO .000 310 .890
ISIS 1 1 1
SIS .000 .000 .000
1000 LASSO .000 .000 .000
ISIS 1 1 1
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3. Extended SIS

3.2 SIS in GLM

SURE INDEPENDENCE SCREENING IN GENERALIZED LINEAR MODELS WITH NP-DIMENSIONALITY

Bir: I XA M TR 8t

fr(y; 0) = exp{yd — b(8) + c(y) }

3. Independence screening with MMLE. Let M, ={1<j <p,:j3; #0}

¢ Tj_;f Eﬂﬁ%qlﬁii}ﬂ}% be the true sparse model with nonsparsity size s, = |M,|, where 3* =
. 1By MMLE /Maximum Margina| Likelihood (B5 B 5 [3* ) denotes the true value. In this paper, we refer to marginal
Estimator models as ﬁttlng models with componentwise covariates. The maximum
. . o marginal likelihood estimator (MMLE) ,BM for j=1,...,pn, is defined as
. 2. By MMI—/MaX|mum Mal’glna| I—|kel|h00d the minimizer of the componentwise regression
3;};’ = (rBj%BjM) = arg IninPRI(.BD + .BijrY):
. %ﬁﬁﬁﬂlﬁﬁﬁ ’ )
- 245003 where I(Y30) = —[6Y — b(6) —log c(Y)] and B, f(X,Y) =n~1 Y1, f(X, Y;
i=1
. Zﬁ%, ri*%ﬂiu We select a set of variables
_ 3) My, ={1<j <pa: 18| 2},
. TR

where 7, is a predefined threshold value. Such an independence learning

« NTEBEERNSREERIRSA, FBHel RITE
REVFOIRMRER IS, 2 1T BRI T

© UTRTERFAZERES X, IEERDHITE,

BRI A R R s E,
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3. Extended SIS

3.5 Rank correlation (RRCS)

ROBUST RANK CORRELATION BASED SCREENING

Tj_;£ %UFﬁKentall 7‘:@9&%3:&)\&???3}% 2. Robust rank correlation screening (RRCS).
o Consider a more general model as
L‘ = i )
&ﬁfﬁiﬁé@éﬁm (2.7) HY)=XTB8+&, i=1,...,n,
}—_\_MB IC #R}@FF;;U where g;,i=1,...,n, are i.i.d. random errors independent of X; with mean
e OX-COX2 2= zero and an unknown distribution £, and 3= (f51.,. ...ﬁp)T is a p-vector of
« 245 parameters, its norm constrained to 1 (||3|| = 1) for identifiability. H(-) is an

unspecified strictly increasing function.

For model (2.7), the invariance against any strictly increasing transfor-

o %}-‘5\: mation yields that
¢ E.Wlﬁﬁﬂzfﬁéf‘éﬂﬁﬂ g o 1 - X & X N TV 2 Ye) — 2
 Sure Independence Screening Property{X {ENJ Wk= o 1 Z (X < X)I(Y: <Yj)
NS T MEF R IRES ] Lo .
- ALUAT I RBEE R SRR = mzi'mk <Xp)I(H(Y) < H(Y)) - 3
« indicator functionsti K¢ EIEICHESITIIE i
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3. Extended SIS

3.4 Other marginal screening methods

« Tilting methods (Hall et al. 2009),

Generallzed correlation screening (Hall and Miller 2009),
Nonparametric screening (Fan et al.2011)

Conditional Sure Independence Screening(Barut et al.2012)
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4. Application

4.1 Application: Financial Feature Screening for Stock Returns

Feature Screening for Network Autoregression Model e

Statistica Sinica 2021 2014 SIS ZATNRY NES R B 289487 RARRAR SR
http://www3.stat.sinica.edu.tw/LatestART/SS-2018-0400_fp.pdf Mo N 28 R EST M W ZE =R

1 i8Ry IRERERER: HERR
~ 1. W RSk A LRSS
= o+ = 2 HARBRRE £ E G (HERE WiFtha = =1
AL AT EE T (i%))
_ éi Hfzf@ = 3 IERERE I IEIEA AT R EY SISO SR
w: B, =

NUREXRR, BEAIRE! SRR
~(0| ), '—5 X%;& CAPITALRESERVEFUND

DEFERREDTAXASSETS

Z.ﬁiﬁﬂ?g% _ X;{?(?T}’;)_IY}T}XJ INTANGIBLEASSETS
o Y WY)SXHZSEBEXEZHENHEFE R = XX, ] CASHEQUIVALENTS

= TOTALLIABILITY
- BTERHY , GHRE MP = {1 =i=p: _:? 2 c‘;}- FINANCIALEXPENSE

ASSETIMPAIRMENTLOSS

0.00 0.02 0.04 0.06

R-square

Figure 1: Covariates with top 8 RJQ. They are related to the asset (i.e., ASSET
IMPAIRMENT Loss, CAPITAL RESERVE FUND, DEFERRED TAX ASSET, INTAN-
v (i.e., SHORT TERM LOAN, TOTAL LiABILITY), liquidity

s), and FINANCIAL EXPENSE of the firm.



4. Application

4.1 Application: Financial Feature Screening for Stock Returns

— NW-SIS -- SIS -===  DC-SIS
-
3IHMhEAE o
- ITEYHIEE, TEZLME)dSadjusted
-~ -~ =
Y = [:I — ﬁwn)_lxvm \iw g T
445518 W 2
o o |
NW-SIS 7ERERI A/ NG/ NRTE, IAHE Z
ARSI T =
< (=]
; —
DC-
SIS "
=
adjust 0259 0.247 0.248 s
ed
Mode 75 117 125 c
| Size = T T T T T

0 50 100 150 200
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5.Conclusion

Summary

GOAL.: Variable Screening
* Proposed a two-scale learning framework:
« fromptod
« from d to below size n for moderate-scale learning

* Used marginal utilities based on marginal correlations ( , ) (sample correlation)

—

C={1=s = ()] [ ] }
« SIS ideas can be incorporated into large-scale Bayesian estimation and inference
* Proposed Sure Screening Property:

P{M, C M} - 1
* Established theoretical foundation and examplar for subsequent research on this

topic.
* Correlation-based /Model-based /Model-Free / Methods/...
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Nonparametric Independence Screening In Sparse Ultra-High-Dimensional Additive Models

2.1 NIS-Introduction
« Additive Model

=1
O ( =12,.., YHIEEHEBRE
« NIS

* consider independence learning by ranking the magnitude of marginal estimators, nonparametric marginal correlations,
and the marginal residual sum of squares.

*  Sure Independence Screening

*  Ilterative and Conditional Sure Independence Screening

*  Sure Independence Screening for Generalized Linear Models and Classification
*  Nonparametric and Robust Sure Independence Screening

*  Multivariate Sure Independence Screening and the Beyond



