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Background
BEtF=EEE

Random subspace method ( RSM ) X lattribute bagging 2¢& feature bagging , &= —F, PEHF
=S BEI S ARBELAYEB D EM AR AT EHERIIGE N 02588 | KRN oS82 EaIEXME,

It randomly selects a feature subset and grows each tree within the chosen subspace.

BZ&{llbagging, bagging ZBEN{FAERDIIZEWE , MRandom subspace method ZREHERERDHFE. FEtL |
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(BRENGEEFLIMIsE TN, Eik , S FFEE B I K T)G =200 |, BT FEE—NMEER
S|0EN%R | flaniziitik. ERERY. CSI (ZEBRSER) .

SCfr b, FEINARMERE—/MER T RSM#Ibaggingfiidecision tree, [E#HY , RSMBEJLABESVMERS RS
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Background

fEN3%52 Random Projection

« “Also, as Cannings and Samworth (2017) pointed out, the random subspace method can be regarded as the
random projection ensemble classification method when the projection space is restricted to be axis-aligned.

. J-L3|IE

THEOREM 3.19 (Johnson-Lindenstrauss Lemma). Let vq,...,v, € RP for some
D. Let A € R™*P be a random matriz whose entries are independent N'(0,1/m)
random variables. Then for any € € (0,1), with probability at least 1 — 1/n?, the

following holds:
Vizj, (L—e)llvi—vjl; < [[Avi— Avjll; < (1+¢€)[lvi —vjll;, (342)

provided m > 3213‘;2—".
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Background
fEN3%52 Random Projection
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Figure 3.10 The Johnson-Lindenstrauss Lemma. Given a fixed collection of
points v1, ..., v, in a high-dimensional space R”, with high probability a random
mapping into m ~ logn dimensions approximately preserves the distances between all

pairs of points.
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Motivation

1. iBfEAEX | ASHEXNEEAZEE T BIFAERIG EEL ;
2. BN FENNEERSEEICSHE |
3. 5LASSO , SCADFEN FiAESIRMEAI kIR TS Ea0iEET
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XJiZ2Hb, th group of subspaces , FlITAJLUSBEMIGEIEERIAI— 1S, . Select the optimal subspace Sy, = Sy, j:, where

b5 =arg min Cr,(Sp;p,)
1<b,<B,

KNN
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L5858, = 3PN KRN T

B1

Select the optimal subspace Sy, = Sp, %, where
b5 =arg min Cr,(Sp;p,)

The selected Bysubspaces as {Sp,.}; _4 1<b,<B,
end
bl == 1, ...,Bl
A

r~—-—-—-—-"—--—--—-"—-"—— = ———— e —— - — e — = — 1- _i
! Corlyriqrl
I . |11[01]]O
| ' fo]]o|]o
! !
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2.Methodology

Algorithm- Vanilla RaSE screening

Notation

- FEERNSHAD

- FEEXNIRAEAD

- HEXER  MIISD{, .. DYERTFZEA/N
* Eg {511 € Sruu IS11l =4d}

pE o=
« D=107, RaSE%IE_H:marginal screening procedure
© WTFREIRNRAIEAEEBRL

Algorithm 1: Vanilla RaSE screening

Input: training data {(x;, y;)}'_, subspace distribution D,
criterion function Cry, integers B; and B,, number
of variables N to select

Output: the selected proportion of each feature i), the

selected subset S
1 Independently generate random subspaces
Svip, ~D,1 <by <B;,1 <by <B
2 for by < 1to B; do
3 | Select the optimal subspace Sy, = Sp, 3, where

bl —are "min €S0
2 glsbziBz ——

4 end
5 Output the selected proportion of each feature

= (A1,...,Mp)" where
ﬁj = Bl_1 2511:1 ll(i S Sbl*)aj =1,...,p
6 OutputS={1 <j<p: ﬁj is among the N largest of all}




RaSE: A Variable Screening Framework via Random Subspace Ensembles

2.Methodology

Algorithm- Vanilla RaSE screening

The selected proportion of each feature 7;

XJZHF=BAJoptimal subset AR BRI EHHIZANR

HUHE ALY
| EEEDRBRIEDRERT , B TENELSERE
FETARIMEE 1771177117
11]of]fo0
oflo]]oO
11|1|]0
1 tollpllpd
nL==x(1+1+1) =

ﬁgzgx(1+0+0):

Wl =

Algorithm 1: Vanilla RaSE screening

Input: training data {(x;, y;)}'_, subspace distribution D,
criterion function Cry, integers B; and B,, number
of variables N to select

Output: the selected proportion of each feature i), the

selected subset S
1 Independently generate random subspaces
Svip, ~D,1 <by <B;,1 <by <B
2 for by < 1to B; do
3 | Select the optimal subspace Sy, = Sp, 3, where

bl —are "min €S0
2 glsbszz ——

4 end
5 Output the selected proportion of each feature

= (A1,...,Mp)" where
ﬁj = Bl_1 2511:1 ll(j S Sbl*)aj =1,...,p
6 OutputS={1 <j<p: ﬁj is among the N largest of all}
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2.Methodology

Algorithm- Vanilla RaSE screening

XA EHTHE | EERT[aD /con MNER | (E/IIIBIRRIFEES,

A

= {1 <j < p: njisamong the [aD/c,,] largest of all},

where ¢, is a constant (to be specified in the next section)
depending on n, B;, D, and the criterion Cr which is a popula-
tion counterpart of Cr,,. Here, o can be any constant larger than

1, which will appear in the upper bound introduced in the sure
screening theorem of Section 3.
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2.Methodology

Algorithm-iterative RaSE screening
AV
1) tRIE_ L —4CHIIE ij:ffﬂ,%z B F=Eofmpltt

B Niteration t , 1RIEA; | (RIEMEA, IR B RREBTS

fohierarchical restrictive multinomial distribution

RU,p, i), where Y0 7 = 1and 7 > 0,

i oc 117! >co/logp>+c°11<ﬂ” < Co/logp)]

2) ARG RE BRI TR ETHE

Algorithm 2: Iterative RaSE screening (RaSEr)

Input: training data {(x;, y;)}i_ ,, initial subspace

distribution D!, criterion function Cr,, integers
B and B,, the number of iterations T, positive
constant Cy, number of variables N to select

Output: the selected proportion of each feature Al the

selected subset S

1 fort < 0to T do

2 | Independently generate random subspaces
SEfl]bz ~D 1 <b <B;,1<b,<B,
3 | forb; < 1toB; do
4 Select the optimal subspace S[t] = Sg]b*, where
* [t]
by = arg 1<r;7121£132 Crn(Sb bz)
5 | end
6 | Update 7" where
At = t
[]_BIZ[,I 1]1(]68[] ]_1 P
7 | Update DU't! « hierarchical restrictive multinomial
distribution R (U, p, ~[t]) where
i o [AT1H > Co/logp) + L1 < Co/logp)]
and ZLI li =1
8 end

9 Output the selected proportion of each feature 3

(1]

10 Output S= {1 <j<p: ﬁ]m is among the N largest of all}
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3.Theoretical Analysis

3.1 Sure Screening Property
Vanilla RaSE
Iterative RaSE

3.2 Rank Consistency
Vanilla RaSE

RaSERYARIKEITFXICr (the criterion), B, (F=EEAYZHER), B, (BAFTEAKNK)), D(FFEKNMHRKIE)
- gXiEF=EasmalhEd , AEiERL, FERBKMEIE S HERED
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4.Numerical Studies

- SCENSRE : EE2000K

PEER :
« MMS : 5%, 25%, 50%, 75%, 95% quantiles of the minimum model size (MMS) to include all signals
« Predication performance: #EASMUIE EERIFRNT

LbakAix -
- SIS, ISIS, DC-SIS,

MDC-SIS: Martingale Difference Correlation

«  MV-SIS: screening approach for discriminant analysis BIC(s) = —2log L, {6(s)} + v(s) logn,
«  HOLP: high-dimensional ordinary least-square projection .
« IPDC: interaction pursuit via distance correlation BIC,(s) = —2log L,{6(s)} + v(s)logn H2ylog7(S;),| 0 <~y <1,
»  (CIS: covariate information number
- SCEOWRIE R Size of partitioned subsets

SCOSTRER
. TEH%
. REWE :

© Sl S/MEBIC / extened BIC (eBIC) BlHUET , ATHSEASEEEA. iREE
«  ARSMRE - RV N IIHRE It 20085 ChenflIChenTEE S T B SRR AN S EIT AN
+  LOOCV MSE in KNN (k=5) ' entliChenfE SIS I SR LNy
« 5-fold CV MSE SVM with RBF kernel{R[RERE#% FFMEE AN S 2RI CE R TEBIC ( extended
- BHLEHE bayesian information criterion ) , E—EIRE HIEHI T &=

* By =200, By = 20x[yn], D = [Vn] BERECRRIESE

« All the codes used in numerical experiments can be found on GitHub (https://github.com/ytstat/RaSE-screening-codes).
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4.Numerical Studies

¢ Example 1(fr°m Fan and Lv 2008) Table 1. Quantiles of MMS in Examples 1 and 2.
Method/MMS Example 1
Yi=9%] F59XE SEOXs — ——Xi & 5% 25% 50% 75% 95%
V2

SIS 227 317 397 647 922

ISIS 14 15 15 15 25

where x = (x1,...,%)T ~ N(O, %), = = (05)pxp 05 = SIRS 87 370 594 762 949

0.510%) ¢ ~ N(0,1), and €_Lx. The signal set $* = {1,2,3,4}. DC-SIS 96 358 610 776 942

n = 100 and p = 1000. HOLP 912 949 969 986 999

IPDC 224 442 700 869 980

*Eﬁ:*@ MDC-SIS 146 287 512 734 937

ARSI R0S B % ¥ % 2 X

© X, SR - INEZEFXR y*l]xzﬁx‘ﬁf?é%fi N RaSEq-BIC 4 4 4 16 B

o BVISEES X, , X, , x:; PE—FEENTEE , 5x.88  RaSE-eBIC 6 21 42 489 852
K RaSE;-eBIC 4 4 4 4 14_|

RaSE-kNN 22 88 233 312 883

. [RaSE1-kNN 6 80 422 694 921
EERAFIE RaSE-SVM 13 59 150 336 &TI

1. HitEFEENGEEMIGETERBIE x, , 2AsIS RaSE;-SVM 4 4 82 126 542

2. RaSE-BIC, RaSE-eBIC FEHILLSISIF

3. IOINELS |, RaSE;-BIC, RaSE;-eBICKZ=EE %, (HEXTlarge
quantiles MMSBELXIEE , Q- RaSE;-KNN
4, HfE- RaSE;-eBIC
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4.Numerical Studies

« Example 1(from Fan and Lv 2008)

15
Yi=9%] F59XE SEOXs — ——Xi &

V2

where x = (xl,...,xp)T ~ N(0,%), ¥ = (0ij)pxp> Ojj =

0.510#) ¢ ~ N(0,1), and e_Lx. The signal set $* = {1,2, 3,4}.
n = 100 and p = 1000.

SWW jo ueiPan

AT BARB, B, MERAIFIR
¢ B; : 100 to 1000, 2515100
« B, :1000to 97 , 000, 16000

LR
«  (By, By) K , SUERHEF
« B, IXKAY, BRUHERISRE
o B IBKAS , FERELET--) BEANTERIREALA
{RIUERaSEELEATZIER
«  BMEEB, B/\HJ , RaSE;-eBIC RIUHALHE

(a) RaSE-BIC

(b) RaSE;-BIC
‘e 1. Median MMS to capture $* (|S*| = 4) as (B1, By) varies for RaSE-BIC (a) and RaSE1-BIC (b) in Example 1.
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4.Numerical Studies

Example 1(from Fan and Lv 2008)

15
= 3x1 + 5x5 4+ S5x3 — —x4 + €,
B4 NG

where x = (x1,...,%)T ~ N(0,E), T = (0§)pxp» 05 =

0.510#) ¢ ~ N(0,1), and e_Lx. The signal set $* = {1,2, 3,4}
n = 100 and p = 1000.

SN Jo uePelN

S jo uePeiN

B TRETE B, A[ED,B, &R0

« B, :200

B, : 200 to 5000, 2515300
D : 2to 40, 12

(a) RaSE-BIC (b) RaSE;-BIC
gﬁ%ﬁgiﬁ Figure 3: Median MMS to capture S* (|S*| = 4) as (D, By) varies for RaSE-BIC (a) and
« D= nEART, RaSE-BIC KIIAE RaSE;-BIC (b) in Example 1.
* D, B, REARA/NN, , Rask-BICIFERME
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4.Numerical Studies

« Example 1(from Fan and Lv 2008)

15
Y=kl R T2y = ﬁx4 r €5 Table 2 Average (over 200 replications) computational time in seconds for
various methods in Example 1. (Table view)

where x = (x1,...,%)T ~ N(0,E), T = (0§)pxp» 05 = Other methods SIS ISIS SIRS DC-SIS HOLP IPDC MDC-SIS CIS
051077, € ~ N(0,1), and € Lx. The signal set §* = {1,2,3,4}. Time (s) 0.01 067 028 130 002 049 028 118

=1 = 1000.
n = 100and p = 1000 RaSE methods BIC BIC; eBIC eBIC; kNN kNN; SVM SVM,
. N Time (s) 1.99 4.03 201 394 6.74 13.66 150.41 305.77
it EHIELLER

e B;:200

NOTE: For simplicity, for RaSE methods, we use criteria to differentiate them ana
the subscript “1” denotes the one-step iterative version of the corresponding
RaSE-based methods.

e B, : 200 to 5000, 2515300
e D:2t040, kK2

+ RaSE TEEMARNTEN , MEARITEA

o AT AT AE RN
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4.Numerical Studies

« Example 2(Latent Cluster) y=05(X1 + X2 + X3 + X4 + X5 + €),

where
s o o T s s 8- 7 8- =
&= (%1,...,%) ~N(0,5),e~ty, L= (03),,, = (05
ande L | x. Generate z ~ Unif({-3,3}) L L Zandx =% + 21, [ g
. The signal set S* = {1,2,3,4,5}.n =200 and p = 2000. o A M il Al lx
s 5] = A A ° 2 °
'.' A A a A ° A »a_ A
¢ .' ,.:‘\:: : A:AA‘A“ . r 4 A" A”‘:AA. “ ..: A 4 a z
>o ..' :??‘. AAﬁ‘f: e -3 >,0 % .:.J A, .r.A‘OA\ 3
RBHaIE SR w0 SoreR st
o AFFETFPearson correlation 77 [ " s I Bl il T W
o UNEE yFx plot , BEYFx;, plot g e e 4 TS T ot

° EW /] KNN§&%&¥ N ’ X1 ’ ’ -’ B X1oo 1 ’
o B/IquantilesBT ( 5%, 25% quantiles ) SIS, MDC-SISZR

meF
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4.Numerical Studies

« Example 2(Latent Cluster) y=05(X1 + X2 + X3 + X4 + X5 + €),

where HEET. O "
_ . o \T : able 1. Quantile
&= (%1,...,%) ~N(0,5),e~ty, L= (03),,, = (05
ande | | x.Generate z ~ Unif({~3,3}) L | Zandx =% + 21, Method/MMS Example 2
. The signal set S* = {1,2,3,4,5}.n =200 and p = 2000. 5% 25% 50% 75% 95%
SIS 6 28 105 592 1855
ISIS 172 861 1415 1825 1963
SIRS 6 1158 1492 1774 1964
- DC-SIS 6 1083 1460 1752 1976
1=REEOE HOLP 45 196 576 1252 1906
. TFITFETFPearson correlation BIF5E IPDC 59 210 386 678 1517
) MDC-SIS 6 20 93 999 1908
. ais 2000 2000 2000 2000 2000
L EAGRISE RaSE-BIC 6 358 1514 1821 1956
. B KNNKERLF RaSE;-BIC 13 834 1507 1797 1969
- Bu\quantilesh ( 5%, 25% quantiles ) SIS, MDC-SIS% il - = L2 - o
- g ) 2274 : RaSE;-eBIC 907 1485 1739 1878 1971
meF [RaSE-ANN 5 5 6 76 1190 1
RaSE1-kNN 5 5 5 13 1846
|__RaSE-SVM 5 5 5 6 68_|
RaSE;-SVM 5 5 5 5 11
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4.Numerical Studies

DC-SIS
- Example 3 (Li, Zhong, and Zhu 2012) y =281x1x; + 38,1 (x12 < 0)x2 + €,
where Bj = (=DY@logn//n + |Z]),j = 1,2, U ~
Bernoulli(0.4), Z ~ N(0,1), € ~ N(0,1), x ~ N(0,X) where Table3. Quantiles of MMS in Examples 3 and 4.
s e - li—jl
> (0i)pxp = (0.8 psp, ULZ, eJLx., agd (U, 2) 1 (e, x). S ethodINIVE —
Note that we regenerate (U, Z) for each replication, so the results
. . A . 5% 25% 50% 75% 95%
might differ from those in Li, Zhong, and Zhu (2012). The signal
set $* = {1,2,12,22}. n = 200 and p = 2000. s Le il Lo L L
ISIS 362 1008 1482 1775 1945
SIRS 54 741 1294 1634 1920
T ey S 2 DC-SIS 25 456 1222 1638 1923
REHaE . HOLP 326 954 1475 1774 1975
- @&3ZHIAxx, IPDC 128 429 920 1397 1899
MDC-SIS 52 165 504 1331 1872
. cls 4 5 8 55 548
LRI RaSE-BIC 637 1242 1619 1842 1959
- BATFREIINERENFE | ETEMHERES Eag?g:g 714 1196 1550 1839 1974
: - . aSE-e 484 1137 1496 1794 1951
éihtzu?f SIS, HOLP, RaSE with BIC, RaSE with eBIC RaSE-cBIC b 350 617 1566 b
AAME ) RaSE-KNN 5 33 168 1321 1855
*  CISFORaSE;-KNN fE5% , 25% , 50% quantiles IR RaSE7-kNN 4 5 8 125 1528
9F RaSE-SVM 4 18 504 1282 1848
RaSE-KNN , RaSE-SVM7E/J\quantiles FZFILF [RaSE.-SVM 4 4 3 14 11411

. BRIF RaSE{-SVM ( except for 95% quantiles )
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4.Numerical Studies

« Example 4 (Interactions) Table 3. Quar
Method/MMS Example 4
= 3/|x1| + 2v/|x1|x2 + 4 sin(x}) sin(xy) sin® (x
y =3V 1.| A 1|. 2 H4s (x1) sin(x2) sin”(x3) % % 0% — =
+12 sin(x;)|xz| sin(x3)xy + 0.5€,
SIS 264 570 709 885 984
»
where x1,...,%p ~ N(0,1), € ~ N(0,1), and € LLx. The signal ISIS 293 626 810 911 978
set $* = {1,2,3,4}. n = 300 and p = 1000 SIRS 487 737 867 935 992
SR ' DC-SIS 44 304 603 814 949
HOLP 316 586 767 886 974
IPDC 7 19 68 158 528
MDC-SIS 189 482 736 889 979
ezt TRt
*iﬁéf@)a CIS 5 33 136 352 789
- ERRISM3ZEaIR RaSE-BIC 355 693 825 914 986
RaSE1-BIC 424 661 824 918 981
RaSE-eBIC 302 553 784 913 987
%iﬂg RaSEq-eBIC 480 686 860 930 986
Lower quantiles: RaSE-BIC, Rase-KNN, Rase- | RaSE-kKNN 5 15 68 290 839 |
SVM, RaSE;-SVM , RaSE;-KNN , IPDC, CISZ& RaSEq-xNN 4 . 4 449 2
I )L,y_?r RaSE-SVM 4 15 132 468 938
' RaSE;-SVM 4 30 232 645 898 |

» RaSE frameworkB] LABRORBISM Az EIN
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4.Numerical Studies

« Example 5 (Gaussian mixture, Cannings and Samworth 2017)

Model 1: Here, X|{Y = 0} ~ 1 Ny, (u0, £)+ 1 Np(— o, 2), and X[{¥ = 1} ~ LN, (1, £)+ 1 Np(— a1, 2),
where, for p = 100, we set ¥ = I1g0x100, to = (2,—2,0,...,0)T and p; = (2,2,0,...,0)7.

1 oot e
y ~ Bernoulli(0.5), x|y =r ~ EN(ILr’ ) S oA e 2
25- AA = :. : on.: s “ i A . n
]. A AAA:A ~ ° '3.. " .'- — :
+EN(_”L7‘) E)>r=0) 1) A AA‘:A‘A “o ® .% L i L :: ra Lo I .:
R " AL e o ° - AAAKz.::. 'A
AT S . ¢ v : A.imx ..3 A V
. T . o IS N I T o ¢ 0 2 o —1 ':‘5‘ .*A.AA. e e 0
where uy = (2,-2,0,...,0)", u; = (2,2,0,...,0)", X isan B T i, N TN B
. ; . . . A .‘ ~ EY = x A = AA
identity matrix. The signal set $* = {1,2}. n = 200 and p = R T et
2000 . :: ...... 0'.: “A‘A A - :." (R Vs
‘ s . i. : ° ¢ A . A‘A ::AAAA . : - A‘ A‘
Ve A*AAA ) 2 , —

o NEFIBFFEX MU EARF ; R R D R
. E—ATLUREMESHARENE (1), x,)

. Figure 4: Scatterplots of xs vs. x; and zg vs. x5 for Example 5 (n = 200).
HEXS DT
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4.Numerical Studies

« Example 5 (Gaussian mixture, Cannings and Samworth 2017)

1
y ~ Bernoulli(0.5), x|y =r ~ EN([L,, %)

1
+EN(_’Lr) Z)) r= O) 1)

where ug = (2,-2,0,...,0)T, u; = (2,2,0,...,0)T, T is an
identity matrix. The signal set $* = {1,2}. n = 200 and p =
2000.

1RBIEIE
-« WETUOFFBERMERGIEARF ;
E—EILURBIESRIGIUENE (1, x,)
HYBX 5370

EREE

*  SIRS,, RaSE;-SVM , RaSE;-KNN 3 ER1RIF

Table 4. Quantiles of MMS in Examples 5 and 6.

Method/MMS Example 5

5% 25% 50% 75% 95%
SIS 515 1090 1414 1746 1947
ISIS 445 1001 1470 1784 1967
SIRS 2 2 2 2 2
DC-SIS 451 960 1385 1706 1913
MV-SIS 379 957 1366 1692 1895
HOLP 495 1065 1381 1712 1936
IPDC 495 1010 1344 1673 1908
MDC-SIS 462 1038 1352 1708 1948
cls 2000 2000 2000 2000 2000
RaSE-BIC 506 1081 1487 1804 1946
RaSE;-BIC 464 968 1360 1692 1927
RaSE-eBIC 425 1045 1424 1705 1965
RaSE1-eBIC 480 988 1370 1727 1938
RaSE-kNN 2 3 5 6 8

|_RaSE;-kNN 2 2 2 2 2]

RaSE-SVM 2 4 6 8 26
RaSE1-SVM 2 2 2 2 2
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4.Numerical Studies

- Example 6 (Multinomial logistic regression, Fan, Samworth, and Wu 2009)
We first generate I1,...,%4 i Unif([—\/g, \/5]) and  Thy: s nidp < N(0,1), then et

T1 = &1 — V285,29 = Ty + V285,23 = B3 — V285,24 = T4 +V2F5 and z;=%F; for
j = 9,...,p.The response is generated from

P(y = 1"|§) X €xp {f’l‘(i)}7r =1,...,4,

where f1 (5’5) = —a&; + ai,, f2 (52’) = a¥; — aEs, f3 (55) = als — a3 and f4 (ﬁ) = a3 — a¥,
with a = 5/+/3. The signal set S* = {1,2,3,4,5}.n =200 and p = 2000.

1REUHEIE
* X5 Eyiﬂﬁﬁﬂﬁ
* X1, X2,X3,X4 %B'—ﬁ X5 E%
BT IENTDEENETEARE xs
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4.Numerical Studies

Example 6 (Multinomial logistic regression, Fan, !

We  first

generate :%1,...,:%4%1Unif([—\/§,\/§]) and %s,...,7%

T1 = &1 — V2F5,29 = Fo + V285,23 = &3 — V285,24 = F4 + /285

Jj=295,...,p.The response is generated from
Ply=r|Z) x exp {f- (&)}, r=1,...,4,

where f1(Z) = —aZi + aZy, f2(E) = aZ — aZs, f3(&T) = aZ2 — aZs <
with a = 5/+/3. The signal set S* = {1,2,3,4,5}.n =200 and p = 2000.
REBIIS

* X5 EYij%BU_@EL_L ‘

«  ETAFRIRERIEEENBIEARE] x5
LREE

SIS, , RaSE;-BIC , RaSE;-eBIC R R1REF
TOIECRT, RaSE-BICRIL S
Sex118IU8IR | EIME e geSEarge
quantiles BORIMAGF

Table 4. Quant
Method/MMS Example 6

5% 25% 50% 75% 95%
SIS 170 471 910 1436 1932
ISIS 7 7 7 8 8
SIRS 821 1242 1551 1813 1966
DC-SIS 765 1155 1526 | B 1947
MV-SIS 199 706 1258 1660 1909
HOLP — — — - —
IPDC 879 1425 1722 1884 1988
MDC-SIS 163 498 1064 1628 1917
CIS 229 736 1195 1652 1941
RaSE-BIC 8 14 20 26 1525
RaSE;-BIC 5 5 5 6 14
RaSE-eBIC 26 346 894 1406 1919
RaSEq-eBIC 2 7 10 14 1184
RaSE-kNN 38 202 294 1470 1925
RaSE1-kNN 27 376 967 1486 1828
RaSE-SVM 11 39 118 343 1743
RaSE1-SVM 9 5 118 1133 1792
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5.Real Data Experiments

sERRLtT
- ZEHE | LN SBERIE N ERIBMITA
* N =[n/logn] (Fan and Lv, 2008)
* N = [aD] forany a>1
e Data Driven Strategies: use validation set and post-screening
validation MSE/ classification error to determine N
- REIS
e LASSO, kNN, SVM
* Train:test=9:1
e 200 replications
e standardization
e Benchmarks: 2T EiHITHISLASSO, kNN, SVM
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5.Real Data Experiments

« [Colon Cancer Dataset]

EiEsEA
« 2000 genes measured on 62 patients
« Class 1-colon cancer-40
« Class 2- healthy-22
- YRiESE

LEERAFIE
- &f¥-RaSE-BIC with LASSO

« WTFLASSOERSE , BEREGRTETT

Table 5. Average test classification error rate with standard deviations (in paren-
theses) for colon cancer dataset and average test mean square errors (MSEs) with

standard deviations (in parentheses) for rat eye expression dataset.

Screening Post-screening Cancer Eye

— 0.1792(0.1427) 0.0103(0.0091)
SIS 0.1633(0.1407) 0.0091(0.0068)
ISIS 0.1767(0.1444) 0.0091(0.0068)
SIRS 0.2800(0.1734) 0.0132(0.0123)
DC-SIS 0.3000(0.1998) 0.0124(0.0118)
MV-SIS 0.2958(0.1826) —

HOLP LASSO 0.1825(0.1491) 0.0228(0.0269)
IPDC 0.1917(0.1464) 0.0129(0.0132)
MDC-SIS 0.1600(0.1406) 0.0103(0.0071)
clIs 0.1550(0.1332) 0.0194(0.0231)
RaSE-BIC 0.1192(0.1277) 0.0090(0.0066)
RaSE1-BIC 0.1417(0.1324) 0.0123(0.0104)
RaSE-eBIC 0.3083(0.2118) 0.0092(0.0069)
RaSEq-eBIC 0.1458(0.1397) 0.0122(0.0098)
— 0.2258(0.1653) 0.0166(0.0206)
RaSE-kNN kNN 0.1533(0.1340) 0.0131(0.0158)
RaSEq-kNN 0.1867(0.1500) 0.0133(0.0161)
— 0.2025(0.1503) 0.0160(0.0243)
RaSE-SVM SVM 0.1375(0.1277) 0.0158(0.0231)
RaSEq-SVM 0.1858(0.1477) 0.0158(0.0232)

NOTE: We boldface the values corresponding to the best performances and italicize

the values corresponding to the subsequent two best performances.
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5.Real Data Experiments

+  [Colon Cancer Dataset] |I|IIIIIII III IIIII

49 gened77  gensd03  gene765  genedS6  gensds3  genel
gene gene
tbﬁﬁﬁ I RaSE-eBIC RaSE; -eBIC
100~

J_EEIEI:TOP 10 %PRIESE | TENET
- EBEETRSET W/ SR I I II
I B0

RIS E ( 100% 50% ) ,154BB%S
*EE%—‘EX = ( o Or > o)L Zo
[ 552
= 0- 0-
%EI\JD SE— EU\IE I ol s el owie geis gt g geitt i e
RaSE-kNN RaSE; -kNN
« Genel4?23 |

« Gene377

3
. ene

8

8 so- =

i

2

K]

2

) ene1635 gene765 genel058 genel892 genel772 gened93 geneld23 genel771  gened77  genel772

RaSE-SVM RaSE, -

genel423  gene249  gened93  gensd77  genel
genel772 genel058  gened77 genel771  gensd9d  gene1423 geneld2S  genceST  gena24d  gene7o2
gene

Figure 5: Features with the 10 highest selection rates (percentages in 200 replications) in I

Ildp rcentage

selected percentage
8

selected percentage
8

selected percentage
g

selected percenlage

ll:tdp entage

the colon cancer data set. 7
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5.Real Data Experiments

- [Rat Eye Expression Dataset]

G S
« Gene expression values of 18,796 probes
from 120 rats
« TRIM32 is the response, which is responsible
to cause Bardet-Biedl syndrome

o RNIRERAEAGERAHIBIS000MERE (n=120,
p=5000)
SRR

- SIS, ISIS, RaSE-BIC, RaSE-eBIC with

LASSO HIERBZH (fftFvanilla LASSO)
« RaSE-KNN with KNN, RaSE;-KNN with KNN

L3 vanilla KNN

Table 5. Average test classification error rate with standard deviations (in paren-
theses) for colon cancer dataset and average test mean square errors (MSEs) with

standard deviations (in parentheses) for rat eye expression dataset.

Screening Post-screening Cancer Eye

— 0.1792(0.1427) 0.0103(0.0091)
SIS 0.1633(0.1407) 0.0091(0.0068)
ISIS 0.1767(0.1444) 0.0091(0.0068)
SIRS 0.2800(0.1734) 0.0132(0.0123)
DC-SIS 0.3000(0.1998) 0.0124(0.0118)
MV-SIS 0.2958(0.1826) —

HOLP LASSO 0.1825(0.1491) 0.0228(0.0269)
IPDC 0.1917(0.1464) 0.0129(0.0132)
MDC-SIS 0.1600(0.1406) 0.0103(0.0071)
clIs 0.1550(0.1332) 0.0194(0.0231)
RaSE-BIC 0.1192(0.1277) 0.0090(0.0066)
RaSE1-BIC 0.1417(0.1324) 0.0123(0.0104)
RaSE-eBIC 0.3083(0.2118) 0.0092(0.0069)
RaSEq-eBIC 0.1458(0.1397) 0.0122(0.0098)
— 0.2258(0.1653) 0.0166(0.0206)
RaSE-kNN kNN 0.1533(0.1340) 0.0131(0.0158)
RaSEq-kNN 0.1867(0.1500) 0.0133(0.0161)
— 0.2025(0.1503) 0.0160(0.0243)
RaSE-SVM SVM 0.1375(0.1277) 0.0158(0.0231)
RaSEq-SVM 0.1858(0.1477) 0.0158(0.0232)

NOTE: We boldface the values corresponding to the best performances and italicize

the values corresponding to the subsequent two best performances.
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5.Real Data Experiments

- [Rat Eye Expression Dataset] I | I I I I I I I
+ FETOP 10 ISR | eIl

selected percentage
selected perc

i%'\fﬁff%‘ BN E |
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Figure 6: Features with the 10 highest selection rates (percentages in 200 replications) in

the rat eye expression data set. ]
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6.Discussion

SUMMARY
E?RaSEEHEtHT—ﬁF EAEAIESR , HEGBIC, eBICEENIRIE 7=, 82 , SLERSR—
TRAFNE , RIRNETFSE , BEAILUEEE SHENE B E AR ELES

«  LEHh , EECTUAIRASE screening 73iARI LA —ERRESERMER | HIURN T B IRIRF M. HEFieL a‘—hﬂ]ﬂj‘
IXFREHELEERFENT T sure screening property£ERAIERR, FHIFsLvanilla RaSEEBHGE—EULE, 7Efs FEER
SSHERT |, FNIFEEE KB, KRR,

- HUERIFISSIEERIQUE 7 73 AR AT S 14,

METHOD
RaSERJRIXEITFIICr (the criterion), B, (F=FEAYLEEY), 5, (BHF==EAIKD), D(BNMFZEK
HIERK(E)
- gXiEF=EasmalhEd , AEiERL, FERBKNEIE S HERRED

FUTURE WORK

- RSENERSEE EIREREORET
- EERPIEEARRR B, B , LUNEFE
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Random Subspace Ensembles

Algorithm-RaSE-classification

Algorithm 1: Random subspace ensemble classification (RaSE)

Input: training data {(x;,v;)}" ,, new data x, subspace distribution D, criterion

C, integers By and Ba, type of base classifier T

Output: predicted label CE2SE (), the selected proportion of each feature n
1 Independently generate random subspaces Sjr ~D,1 < j < B1,1 <k < By
2 for j < 1 to B; do
3 Select the optimal subspace S}, from {S;x} kBil according to C and T
4 end
5 Construct the ensemble decision function v, (x) = B% Zlel co 7-(:Iz)
6 Set the threshold & according to (2)
7 Output the predicted label CF*5E () = 1 (v, (x) > &), the selected proportion of

each feature n = (ny,...,n,)7 where g = B;* Z]B;l 1 & Sp)oil =L« o oD
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Random Subspace Ensembles

Algorithm-iterative RaSE

Algorithm 2: Iterative RaSE (RaSErp)

Input: training data {(x;,y;)}!~,, new data x, initial subspace distribution D(O),
criterion C, integers B and Bs, the type of base classifier 7, the number of
iterations T’

Output: predicted label CE*5F(g), the proportion of each feature n™)

1 fort < 0 to T do

2 Independently generate random subspaces Sg('i;) ~ D(t), 1<73<B,1<k< By

3 for j < 1 to By do

4 Select the optimal subspace S, ® from {S } , according to C and T

5 end

6 Update n®) where 771 = BT ZBI 1(l € SJ(-?),Z = Lo D

7 Update D® « restrictive multinomial distribution with parameter (p,d, f,(t)),
where 77( ) = nl(t)]l(nl(t) > Cy/logp) + %]l(nl(t) < Cp/logp) and d is sampled
from the uniform distribution over {1,...,D}

8 end

9 Set the threshold & according to (%)

5T _
10 Construct the ensemble decision function v, (x) = Bll ZB i T(a:)

11 Output the predicted label CE*SE(z) = 1 (v, (x) > &) and n(*)




#knnfhES
RaSE: A Variable Screening Framework via Random Subspace Ensembles import numpy as np

HHES || SR BURE DUR X R0 ZE 3

def createDataSet():
group = np.array([[1.3,1.1],[0,0],[1.0,2.0],[1.2,0.1],(3,1.4],[3.4,3.5],[3.2,2.2),[3.5,2.7],[4,2.4]))
labels = ['A",'A";A"'A''B",'B','B",'B",'B']
return group,labels

HT R IR
def get_distance(X,Y):
return np.sum((X-Y)**2)**0.5

def knn(x_test,x_train,y_train,k):
distances =[]

y_kind={}
HTERBEMIIGEFENES

for i in x_train:
distances.append(get_distance(x_test,i))
tmp=list(enumerate(distances))
H#IERBHTHEF, EXATKEEEBAN
tmp.sort(key=lambda x:x[1])
min_k_dis=tmp[:k]

#RTK DM RYARE R TR ST

for jin min_k_dis:

t_key = y_train[j[0]] #5% j[0]2%5| T#x

if t_key iny_kind.keys():

y_kind[t_key] += 1

else:

y_kind.setdefault(t_key,1)

RS LEFHTHERF
t=sorted(y_kind.items(),key=lambda x:x[1],reverse=True)
HREITERZH—

return t[0][0]

x_train,y_train = createDataSet()
x_test = np.array([4,3.4])

n_neighbors = 3
output = knn(x_test,x_train,y_train,n_neighbors)
print("NXEEER " x_test,"HALERA: ", output)




