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An Introduction to Statistical Learning- Moving beyond linearity
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Figure 2. Plot of Thresholding Functions for (a) the Hard, (b) the Soft, and (c) the SCAD Thresholding Functions With A =2 and a = 3.7
for SCAD.
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Theorem 1. Under the conditions (C1)—(C5) given in the Appendiz, V(B -
Bo) converges to N(0,D~ED™!) in distribution, where D = E(/)\(/®2) and X =
E(52}®2). Furthermore, if € and (X, Z) are independent, \/n (ﬁ — ,80) —

N (O,azD_l), where 0% = FE (82).
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Theorem 2. Suppose that a, = O(n~1/2), b, — 0, and (C1)—(C5) in the
Appendiz hold. Then (I) With p'robabzlzty app'roachzng one, there exists a local
minimizer B of Lp(B,7) such that |8 — B|| = Op(n 1/2). (IT) If A\; — 0,
n1/2)\j — 00, and

P (u)
lim inf lim inf A
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> 0, (2.7)

then, with probability approaching one, the root-n consistent estimator ,@ in (I)
satisfies (a) B, = 0, and (b) B, has an asymptotic normal distribution

VA{EX) + SaHB1 — Bro + {E(X} ) + Za} k] 25 N(0, 5,),

where 33 = Var (6}1).
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4. BRI

Y = X"B+9(Z) + oe,

Table 1. Simulation Results for Case (i)

n  method c=1 oc=3 oc=25
C I MRME C I MRME C I MRME

60 scad 449 0.00 0.852 439 0.12 0.899 4.29 0.61 0.903
lasso 3.33 000 0882 349 0.02 0750 3.41 0.31 0.723
bic 466 0.00 089 476 0.14 0948 4.57 0.86 0.969
oracle 500 0.00 0.662 5.00 0.00 0.680 5.00 0.00 0.635
100 scad 445 0.00 0.838 444 0.03 0.870 4.35 0.32 0.947
lasso 3.31 0.00 0906 353 0.00 0.775 3.40 0.09 0.768
bic 484 000 0876 480 003 0880 477 060 1.036
oracle 500 0.00 0.717 5.00 000 0.704 5.00 0.00 0.706
200 scad 440 0.00 0.798 437 0.00 0.818 4.38 0.03 0.788
lasso 3.27 0.00 0.884 3.37 0.00 0.829 3.37 0.00 0.797
bic 491 0.00 0.803 488 0.00 0916 490 0.06 0.772
oracle 5.00 0.00 0.723 5.00 0.00 0.668 5.00 0.00 0.693

£ 55cAD(2001) 2 , BICEIEHEIRBIFE : BIC > SCAD > LASSO ; IEETT=IEMIREBISE : LASSO > SCAD >BIC
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4. BRI

Y = X"B+9(Z) + oe,

Table 2. Simulation Results for Case (ii)

n  method =] oc=3 g =3
C I MRME C I MRME C I MRME

60 scad 444 0.00 0.774 4.48 0.14 0937 4.32 0.69 1.028
lasso 3.28 0.00 1.017 3.41 0.02 1.003 347 0.35 0.889
bic 460 0.00 0.792 4.74 0.19 0983 4.58 0.88 1.058
oracle 5.00 0.00 0.673 5.00 0.00 0.674 5.00 0.00 0.662
100 scad 449 0.00 0.784 446 0.03 0874 4.47 0.38 1.017
lasso 3.58 0.00 1.044 350 0.00 0.99 3.58 0.11 0.963
bic 485 0.00 0.784 4.76 0.03 0.907 4.78 0.61 1.041
oracle 5.00 0.00 0.747 5.00 0.00 0.655 5.00 0.00 0.681
200 scad 440 0.00 0768 4.31 0.00 0.805 4.31 0.03 0.870
lasso 3.29 0.00 1.006 3.38 0.00 0983 3.36 0.00 0.910
bic 489 0.00 0.767 4.89 001 0.839 4.84 0.08 0.954
oracle 500 0.00 0716 5.00 0.00 0.644 5.00 0.00 0.677

MERBLRERBE | SCADERANERAIUNMIRETS ZRUNTRIZRIRY | ASSOEHFAERR/IMINRE D ZE BRI RINEF
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4. BRI

Y = X"8+9¢(Z) + oe,

Table 3. Simulation Results for Case (iii)

n  method F=1 g=3 0 =

C I MRME C I MRME C I MRME

60 scad 443 0.00 0924 439 0.28 1.045 4.37 0.74 1.010
lasso 3.52 0.00 1.072 3.68 0.10 0.922 3.67 0.26 0.783

bic 432 0.00 0939 442 0.31 1.077 4.43 0.87 1.012
oracle 500 0.00 0.802 500 0.00 0.802 5.00 0.00 0.752

100 scad 441 0.00 0926 4.49 0.02 0957 4.28 0.35 1.052
lasso 3.58 0.00 1.028 358 0.00 0964 356 0.09 0.883

bic 460 0.00 0939 477 0.05 0977 466 0.65 1.112
oracle 5.00 0.00 0.800 5.00 0.00 0.782 5.00 0.00 0.784

200 scad 444 000 0881 445 0.00 0953 445 0.06 0.973
lasso 3.42 0.00 1.022 348 0.00 0995 341 0.01 0.891

bic 484 0.00 0900 479 000 0988 486 0.11 1.021
oracle 5.00 0.00 0.821 500 0.00 0.806 5.00 0.00 0.797

SRS |, SCADFIBICTERRIUFRRIZRINER , SCAD] LELUR/IINIRE |, FESiTHEERER
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Table 4. Results for the nutritional study. Left panel: Estimated values,
associated standard error, and P-value by using the ordinary least squares.
Right panel: Estimates, associated standard errors of the coefficients using
the APLM with the proposed variable selection procedures.

BMI
CALORIES
FAT
FIBER
BETADIET
GENDER
ALCOHOL
SMOKE?2
SMOKE3
AGE
CHOL

APLM

LS
Est. s.e zvalue Pr(> |z]) SCAD (s.e.)
0.976 0202 -4820 <10 * -0.947(0.189)
0 0 -0.457 0.648 0(0)
-0.002 0.003 -0.711 0.477 0(0)
0.027 0.012 2352  0.019 0.021(0.007)
0.137 0.073  1.889 0.060 0.046(0.027)
0.277 0.135  2.060 0.040 0.194(0.088)
0.043 0.048 0.901 0.368 0(0)
-0.068 0.091 -0.742 0.458 0(0)
-0.286 0.130 -2.191 0.029 -0.245(0.097)
0.005 0.003 1.724 0.086
-0.015 0.114 -0.133 0.894

0(0)
-0.001(0.001)
0.019(0.007)
0.101(0.051)
0.201(0.096)
0(0)

0(0)
-0.224(0.096)

LASSO (s.e.) BIC (s.e.)

~1.001(0.188)
0(0)
0(0)
0.025(0.008)
0(0)
0(0)
0(0)
0(0)
-0.293(0.117)
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Figure 1. The patterns of AGE and CHOL with +s.e. using the R function,
gam, for the dataset from a nutritional study.
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Extended Topics: MAIXBIHESE/SEER 52

Double penalization based procedure: (Lian, et al. 2013)
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- iR :

* Elastic net(Zou and Hastie(2005)), fused lasso(Tibshirani et al.(2005)), sparse group lass(Peng et al.(2010))&F
- RE:

o F3i& T —/ regularized oracle estimator, BfLABIEXT451 E{‘l_m S [ ERES
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Extended Topics: YM{IXBIIESE/SEER D
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* A4, A, iBideBICiEEY(Chen and Chen (Biometrika, 2008)) , BIIEBBiZITiEERERYA,, 1, FILAEMRIRBIIES
TCEMZETETTE



Separation of covariates into nonparametric and parametric parts in high-dimensional partially linear additive models

Extended Topics: YM{IXBIIESE/SEER D
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min 7 [[Y" — Zb|1 +nA Y wislbjlla, +nA2 > wallbllp,-
j=1 §=1
o KERIIE -
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Extended Topics: YM{IXBIIESE/SEER D

- EEEM

p
Yi=) fi(Xij) + e,
j=1

fi(x) =5sin(2nx)  fo(x) =10x(1—x) f3(x) =3x
fa(x) = 2x fs(x) = —2x fix)=0,j>5
COV(Xijl,XiZ) = 05'11_]2|

* N=50,100,200
* P=50,100,200
- 0=0.20.5

- WtbriE
«  BIC-BBZET]IR non-adaptive lasso estimator
«  EBIC-ER#ETIIR non-adaptive lasso estimator
«  BIC/BIC-YN#EFGIR-adaptive group lasso estimator
«  EBIC/EBIC-S#E ] IiR-adaptive group lasso estimator
+  BIC/EBIC-W#EF]If-adaptive group lasso estimator

The BIC proposed by Schwarz(1978) selects the model that minimizes,

Where 8(s) is the maximum likelihood estimator of 8(s) and v(s) is the
number of components in s

BIC(s) = —21log L, {0(s)} + v(s)logn, mmmmmmmmm :
A | |
BICy(s) = —2log La{6(s)} + v(s)logn H2y log 7(S;), |0 < ¥ < 1,
(eBIC) s -
EBIC-ERFETHIR e——————— |
1 <o log(n/K) |1 di !
log(—|IY' = ZbA[°) T & ik Nk logp. |
________ A
EBIC-BUETHIR
[ |
1 A log(n/K) logn | U1K +do !
log(—[IY = Zbs[I") +|d1 /K +dz—> : - IOgﬁ,

JTZ=(false positive) , eBICEHTINIEEST Al BESTRIEIEE To = (false negative)
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Separation of covariates into nonparametric and parametric parts in high-dimensional partially linear additive models

Table 1: & HEL55R (n=100)

ZN ZNT 7T, ZTT

n = 100 BIC 32.8615.1563 50 0o 0o

p= 50 EBIC 6.222.8521 4-361.3667 00 00

0=0.2 BIC/BIC 2.60.8571 20 2.741 o747 2.40.8571
EBIC/EBIC 1.944.5115 1.84¢ 3703 2.481 1110 2.421 o515
BIC/EBIC 2.060.2399 20 3.060.5500 2.94¢ 29399

n = 100 BIC 43.461.5281 50 0(] 00

P = 50 EBIC 3‘742.2840 3'31.7871 00 00

c=0.5 BIC/BIC 12.6412.5727 20 2.81_7261 1.441.3273
EBIC/EBIC  1.60.5714 1.560.5014  1.71.3132 1.71.3132
BIC/EBIC 2.420 5380 20 3.321 0583 2.640 4849

n = 100 BIC 25.719.1644 4.90 5803 0o 0o

P = 100 EBIC 4.923,0159 3-781.6817 00 00

oc=0.2 BIC/BIC 2.981'4497 20 2.681.7076 2.161.1314
EBIC/EBIC  1.76¢.5175 1.720.4536  21.3093 21.3093
BIC/EBIC 2.049.2828 1.980.1414  3.040.7548  2.860.4953

n = 100 BIC 25-224,3788 4'80‘8081 00 00

p =100 EBIC 3.845 g447 3.161 6826 0o 0o

oc=0.5 BIC/BIC 4.26.8512 1.940.2399  2.621.3536  2.21.1429
EBIC/EBIC  1.68¢.7677 1.520.5047 1.441.2316  1.421.1068
BIC/EBIC 2.260.5997 1.960.1979  2.760.8704  2.580.7300

n = 100 BIC 13-421148754 4—-61.1066 00 00

pP= 200 EBIC 3.83.0034 2.861,7958 0() 00

oc=0.2 BIC/BIC 2.881.0230 20 2.361 4107 2.11 o738
EBIC/EBIC 1.58¢.6728 1.48¢ 5047 1.31.4178 1.241 3180
BIC/EBIC 2.189.6289 1.920.2740  2.521.0340  2.40.9258

n = 100 BIC 9.489,1724 4.141,4709 00 00

P = 200 EBIC 2.421'7507 2.11‘1995 00 00




* RMSE

RMSE; = \l %Z(fj(ti) — fi(t:)?,

- 15BH
« Oracle: BE3C{EEY
+ Sparse Additive: 2§41, = 0 FIAIEE! (SBX D%
ah9 )

- &R
« (1) SsatBtl , WFIEL R AOEG T EBE IS
If ; A& SRR EREK , XERBAMGITHTE
RMSE_ERIFRINIRHE930%-50%
o (2) M ERFEREE AT
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Extended Topics: YM{IXBIIESE/SEER D

. THpET - ER AR

Table2: fRIERICIIL S EEERAIRMSE ( n=100)

Oracle Our Estimator Sparse Additive
n =100 f1 0.32860.01716  0.3301¢.01622 0.33010.01883
p=50 fa 0.0761p.02542  0.1184¢ 04923 0.08830.03043
oc=0.2 f3 0.03199.02216 0.03610.02643 0.08000.02745
fa  0.03660.02271  0.0481¢ 03229 0.09410.04142
f5  0.03610.02702  0.0432¢.03751 0.0929¢.04113
Je  0.00000.00000  0.00000.00000 0.00000.00000
n =100 fi 0.33649.01925  0.3468¢.03131 0.34200.02067
p=250 fo 0.11860.04531  0.1753¢.08853 0.15410.06361
o=0.5 f3 0.05270.03660  0.06450.04389 0.16010.07305
Jfa  0.04940.04048  0.07070.05324 0.18120.06942
f5  0.04630.03850  0.06340.05495 0.17330.08265
Je  0.00009.00000  0.00000.00000 0.00000.00000

FE , ARB—METHERIBIC , B AT E[EReBIC , EALUMEIERIR
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Summary

BT EERE. BRIt
BT N A X 3G UEEENSCADR B S 2]

(1) EBRIENIZE , EEzERE
j(< E’J) MR RGBT —ER M NEMELE

~

LR TR BRI TSR S R BT ER

MR RNBEI TRESESHEEHRKITL | 218
A SETIUSHIERNRERLLR
(BRERSARENE RIS DI THRE

2258 LA S Sparse additive model( Ravikumar
etal. 2009))&5 , (BEEE T AT,

EIRTSEEIA SR, St oaREl. R=EYHTT
ZEEBIC , eBICGEENRNMETITIAISE]L

1) BERAZEERD
2 ) Big Oz ELMRER—A] LAHE N/ JFEEER D

(1) KBS IE(ERRILCAT AT RIS HERESR

(1) nPREFREBIEIIESLEN ;

(2) MFEHEXEHE, B EIARE S HESEIE
IFARIR

(1) A ERIEHEMR | EMARRETTINAYSE
B LUSRIRAMR RRESEEV AR E  WUESTIEN b
( 2) ¥ERquantile regressionZs
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LASSO[ﬂEEE@?Z%J‘EFﬂ%%%
b

EROMIEE  minimize - |Ax - bll," +Tllxll, (1)

HrpAd e RM*" hb e R™, 7> 02FEN{EH.

1 ,
(HivEgy minimizell SlAx— bl eyl @

x€ERM,yeRM

Rk subject to x—y=0

1 1
Ly(x,y,2) = 1lAx = bllo* +tllylly + 47 (x =) + 5 llx = yll,’

Xep1 = (ATA+nD)" (AT + n(y; — up))

Verr = Spm(Xeqr + ug) , HPS,(ORRBERT
Uppr = Up + (Xpp1 — Vir1) , Hipu=21/n
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RBEFE T

W|EIEHp > 0,

o HREHEFETS,: R - RIGFE B abREE a0 FHLIL o] AV fE -

. 1 _ 2
\ min 5(t —a)” + pt|
® RARIENA
(a—p a>p

S,(a)=4 0 lal| < p
atp a<-p

Zf() = |t].
=y IRV

0O€et,—a+pdf(0)

A

t,>0=>t,—a+p=0,
t,=0=>t,—a€|[—p,p]
t,. <0=>t,—a—p=0.




