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An Introduction to Statistical Learning- Moving beyond linearity

7.1 Polynomial RegressionZ IRz [0])3
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7.1 Polynomial RegressionZ IRz [0])3

- PILh |, HIHRIRIRATRERREHELIRR K , EEERGEHEXLREN. 586, 78BN B L7535 RKIR M et RE

IR  BUPEEERENSREGITENSERNERE, BRAIERIIBE B — O TUREEERR | AN
T HIERIR, FTE , BMINE—LREMHRIKT | 7 REENEMRE,

ZINAEIFR—NETIBEINERE FRURE , TSEUERSIRISHTENGE | NTRESREIUSEFETREIHER.

] Lt AR SRAE

N RS . BReTRefRuE rl e
%?ﬁ@*u%ﬂl o A ARELRE N4 Ale, f‘”"/ <
%’iﬁ'ﬁ%“é%ﬂ?&%ﬁi@%ﬁ{?ﬁ% Bﬂ EEE’JiE}JD ' EILXM%H:'.E%*&JH&E
HRIERZ:
«  PHEETERRRE | FEESUREREFIZINTUR
5% KV ORLES LT FREETEREER
y; = Bo + Bix; + €; Yi = Po + Biz; + 1323722 S 531’? e P 5d$g + €,

d
yi =Po+ > Bzl + €
i
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7.1 Polynomial Regression Iz [o]/q
Wage & Age Non-Linear Relation

[B]}3ja]ER 438
Let x, be the value of age, to predict wage: 1B19 93 Bk [high/ low earners] &MBE N — 533 =
4
i = 3 zd (ﬂo+51$}+~+ﬂdm?)
sl ;ﬂd% P(y; > 250|z;) = —

1.1 elBot+B1 zl ++Byzd)

Degree-4 Polynomial

MN'variance]
Compute Variance of the fit, Var(f(a:o)) , we need:

S 4 T
8 S, | ; : : " -
8 7 , + Variance Estimates for each of the fitted coefficients 3, from Least Squares
& I - The Covariances between pairs of coefficient estimates,
0 — o | 2 ; ; A
N ~ & I' « Let & be the 5x5 covariance matrix of the 8, ;534
& <
S = I

2 Q 8 / - Let XT = (1,z,22,23,2¢) :
g o Q =) /
19 ) ’ A %
3 / Var((f (20))] = XF CXo
= /

g - &

O A

\/Var(f (zo)) is the estimated pointwise standard error of f (x)

8 —

o

; | ; : : | ] g m | | | ; | | | « As EACH reference point o , this computation is repeated and get the fitted curve and twice
20 30 40 50 60 70 80 20 30 40 50 60 70 80 the standard efror

Age Age
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7.2 Step Functions [fiiikeF&l/piecewise linear regression ZXEgZ {4 Mm])3
- FOHSAEHEE, STXERSHEEELRMNSY. TERSBIEEIRR , AT ERIREREME)T,

- REEAIDEREIANZHAZAMERRE T , MR ESEERERRUNEFD KR ERNTTIE.

g :
- BETEXDHKEZXE , FH
CO(X) = I(X < Cl),
C1(X) = I(cg £ X < c¢2),
CQ(X) = I(C2SX<C3),
Ck-1(X) = I(cxk-1 <X <ck),
CK(X) = I(CKSX),

where I(+) is an indicator function that returns a 1 if the
condition is true, and returns a O otherwise.

KD EIR £+ 1T E | BXHIIAEEHHE—X
BT Co(X)+Ci(X)+...+Ck(X) =1

EWATA G1(X),...,Cx (X) {ERTRNZSEiEE

y; = Bo + B1C1(x;) + B2C2(z;) + ... + BrCk(x:) + €.

* [, can be interpreted as the mean value of Y for X < ¢4
* Bj canrepresent the average increase in the response for X in

Cj < X< Cjyq relativetoX<¢;

Piecewise Constant

0.20

0.15
|

0.10
|

Wage

Pr(Wage>250 | Age)

______

0.05
|

50 100 150 200 250 300

0.00
|

I T T T T T T I T T T T I T
20 30 40 50 60 70 80 20 30 40 50

Age Age

ePotH1C1(zi)+..+Bk Ck (xi)
P(y; > 250|z;) =

1 + ebothiCi(zi)+..+8k Ck (i)
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7.2 Step Functions [fiiikER&l/piecewise linear regression ZEzZz 14 0])3
- FOHSRLEHEH. STXERSHSEELRMNEH. MAERSBIEEIRR , FTREIRREME)T,

- ERBEREAYDERENANIZFHAZANMNERRZL T |, RN R IR I ELE BRI AE o =EENGIE.

- TEE
- BETEXRDHZXE , F4H
C()(X) = I(X < Cl),
C1(X) = I(cg £ X < c¢2),
Ca(X) = I(c2 £ X <¢3), & N NP .
: : %?ﬁ%iﬁﬂ’ﬂn%ﬂyﬁu{gfﬁﬁ/ o "
N . = - IZXBA SBE CEEEERYRE
Cx-1(X) = I(cx-1<X <ck), (1)_*5;,5 XIS Bl it
Ck®) = Hex<X), - QER  BEKIEOSERSROTL
* where I(-) is an indicator function that returns a 1 if the - R BEEAES

condition is true, and returns a O otherwise.

o FAKMDEIR £k E B HIEREHFHE—X
BUE Co(X)+Ci(X)+...+Ck(X) =1

- FAER ¢X),...,Ck(X) ENTTNIT S

y; = Bo + B1C1(x;) + B2C2(z;) + ... + BrCk(x:) + €.

Precaution: unless there are natural breakpoints in the predictors, piecewise-constant functions can miss the action.
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7.3 Basis Functions ERZl
- gIFFEIFATS , FRLASE A REEEERYISE. FMBRERRSEAERHTREIE , mMEARFEERY

b; (x;) {E1#17[E)3 , 240 -

Y; = Bo + Bibi(z;) + B2ba(z;) + Bsbs(x;) + ... + Brbr (x;) + €.

« EERE01(0),02(), .-, b (1) HEEHIA :

- SHXEIT : bi(x) = x]

° ﬁj\EQIEIUH . bj(xi) =] (Cj <x < Cj+1)

- Hfth : BRI NRE
«  ALWRARLAD, (x)), by (xy),..., by (x;) AT BRI EL M REY
o {574 least squares
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7.4 Regression Splines #5503
7.4.1 Piecewise Polynomials $3ERZ Iz [0])3

. Egﬁfﬂggi}gﬁﬁf%ﬂ , BERFEALUZREENESHE D, | B RN EB—ERIEES TSI ZFERZEED[a9F = , Bl ER
ZInz |3

yi = Bo + B1i + Poxi + B3 + €,

* Fitting separate low-degree polynomials over different region of X to avoid fitting a high-
degree polynomial over entire range of —m
- HZR:
o BEERFRAknots , KPMER, BIK+11NGHE
o ERE(d + DX(K +1) 152N SRR BB REER (+1): 8o + fox + - + Bax?
KNP RIGED RK+ 10, BB HRER + 1)X(K + 1) -
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7.4 Regression Splines #5503
7.4.1 Piecewise Polynomials $3E22 1zl [0]!)3

. Egﬁfﬂg%?ﬁf%ﬂ , BERFEALUZREENESHE D, | B RN EB—ERIEES TSI ZFERZEED[a9F = , Bl ER
ZInz,|lI

yi = Bo + B1i + Poxi + B3 + €,
- EOfN :

* Fitting separate low-degree polynomials over different region of X to avoid fitting a high-
degree polynomial over entire range of X BJ IR ANE BT XK EAIZ N[0T

g TR
© BEERFRIknots | KPMER, BIK+11MNTTTE
« HHEE: (d+Dx(K+1) .
o« SERREM : BUESEREEX S HINE A& S EARERRTRAETMH, .
- BRR XRERFIERA , FENMNLFMIARLIR, g
o Zfl ARSI SEREIRAOT | EizEFRNHERE FEEHE SRl EEEE L
IFrEEBEER (ANAE] ) .
) Bor + Brizi + Borx? + Baix + e if x; <

Yi = s L 5 = m
{502 + B12x; + Bo2x? + P32z +¢; if x; > c. ducanon
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7.4 Regression Splines t¥5%[0])3
7.4.2 Constraints and SplinesiF£U5RAY5 ERZ IR BT = 452013

- BRER— R, HSTEIENSREE , AEESERTROEEEEEEFEITE | BEDRERLESRNSH.

- &R :
- FRARHEBEXEMAENY . (EERLRIE. RELER)
I3

= RZIR\ 7 ER[ElT IELRAY =R Z TN 73 FR (Bl EYXEESElE

T 120
— one ' — one ! — One

BR=IREEE]

ooooooooooooo

s = B > 10 2 1 16 B ) 2 1 © 1 16 1 2 2 1 2 1 1
Education Education Education Education

- TR - HRkbiEs - ERANESRBRCE - SERAhEZEGE
- f(C) =1(Cy) (—MSES"MSET <L © BFREEBEAR T
JEER) RZIMIU G B LR

. BTG REHIMISR (MOBId-1NSEIES ) , BAE
=(d+1x(K+1) HEESERERNERARE | (d+1)x(K+1)-K xd = K+d+1




An Introduction to Statistical Learning- Moving beyond linearity

7.4 Regression Splines t¥3%[0])3
XFEAR=IREFREIRIFEIH B

Linear

0. EX
Natural cubic spline i (i i+ LB 6 0 < By <o < 2o BASERILS
yi = o) smmismans (@) H e
 Natural cubic spline adds additional constraints, 1.8(2:) =4I =0,1,---,n)
namely that the function is linear beyond the 2. B MR T | ER—AFEE S RIS TR
bou ndar’y knots 3 s(z), s (z),s (.1')&[(1. {’]J;ﬁég’é
Natural boundary constraints s (@l /(D =riesmEm.
| | IR X ATEAE N
: E0:
|

o NHIPEUESX, yi],i=0,1,...,n
o BE—OBR¥ME=XNZIN R
o MRIARIZHEL

o ZAMImREE (BRLR, BELR, FHRLA)

= —_— —
Y

(8]
Y
W

g

Ry

RIFER, KRESEFEFHEAHREFNRY, EIFSFISRBLNEERREAN.
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7.4 Regression Splines t¥3%[0])3
XFEAR=IREFREIRIFEIH B

MR ZIRFFE R LAMIE AN A7 - BoMBREM: BRANR, BELR, EPRnR
y=a; +biz+ ¢z’ + d;z® EMER,BINMZNARBAZREZRE Si(z) . 1, B#WSR (Natural Spline ): IEEHAZMSEH0, 5" (z0) =0 = 5" (z,)

M Si(z) AIABEENMIREEENKREE  (ai,bi,ci,d) , AnNRE, WHINDREDE, 2, EEL5R ( Clamped Spline ): #EE IR R—H S, XEDHIENANB, Bl
ERHXLERIALE, WENFZRAnTHIEHRKE, So(zo) = A, 5, y(zn) = B

R 3, IFH45B 57 ( Not-A-Knot Spline ): 3&HIE—MEERN=MNSBEFTE_TRN=MSK
8, REF—TRO=MSEESFTHRE_T<N=MSEKIE. B
BATEH B AT SRR AT RENEL Sy (zo) = S1"(z1) and S} y(za-1) = S, (zn)

8%, BTAERLIRREERKEF, S) =y (=01,...,n), BT TR, FAAEN-1T
NEBRIBTREFHE Si(zi11) =91 Sit1(zin1) = vin BUFMA’ TER=IXARE, WE2(n-)1
7, BINERNERDABEE—THRE—T=RAE, NEHBE2nTHE;

R, n- 1T REBRE—I SERZEELEN, BIES | KENARRINE i+1 XKENERZER—
=, ENN—MSBREF, B S (ziq) = 5, (zin) WEN-1TAERR

5, AMRIVZMSEBEESE, B) 5 (vii1) = 5, (@) BBEN-1TAEE

MELHEIN-2MHRET, BERTAREMAIMBLABRNET, XMTHERMTBTLRE
(SEEEIR
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7.4 Regression Splines t#5%[0])3
XFBASIRERE A% 7T B

Natural Cubic Spli ) .
Natural LUbic oplines How do you calculate a cubic spline?

3 = Eﬁ:@m | e Given (x1,Y1), (x2,7>), and

%; cax3+bx5+cx,+d=y,

28 cex3+fxs+gx,+h=y,

g o e 3ax?+ 2bx, +c=3ex:+2fx,+g
i - e 6ax, + 2b = 6ex, + 2f

0.0 0.2 0.4 0.6 08 1jo * 6aX1 +2b=0
. e 6ex3 +2f =0

FIGURE 5.3. Pointwise variance curves for four different models, with X con-
sisting of 50 points drawn at random from U|0, 1], and an assumed error model
with constant variance. The linear and cubic polynomial fits have two and four
degrees of freedom, respectively, while the cubic spline and natural cubic spline
each have six degrees of freedom. The cubic spline has two knots at 0.33 and 0.66,
while the natural spline has boundary knots at 0.1 and 0.9, and four interior knots
uniformly spaced between them.
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EITIENNLYREF(FEIR © ELLRE IR RN
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7.4 Regression Splines t¥5%[0])3
7.4.2 Constraints and SplinesiF£Y5R A5 ERZ IR BT = #5203

- HEEE— TR, HEIMAEENDERRE , HEESERTRUCEEESERENEY |, BMEDBRERMEERNSEL
- PASEER :

- ERAREEEREE SOMIZRTTS , AMMEENREIARRERANESR | SRR | XeEF5R.
- MHEDZERA

-« AREEEF=ER | EMEAR=EPHAERR | S-S0 EE{ERE THARREMZEGR L,
- INREREEMEHS , FHF ERSREXZII  EPEAERRIAT A,

- HRNERENE :
Bezier B1%%, Bezier FMH,

o PRI -
. SRS
B-HESR
B 7RFESR
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BIFERE ALY
Example: quadratic Bézier curve from three points
b1 bs(t) = (1 — t)bg + thy
bi
b Lo bi(t) = (1 —t)by + thy
bg s
— i bg(t) = (1 —t)bg + tby
s bi(t) = (1 —t)2bg + 2t(1 — t)by + t2by

B IESFZRTIER
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7.4 Regression Splines #5503

7.4.2 Constraints and Splines)A 93 ERZ I 2455013

1) PEMBER

- kKL
- SRS ERES

SERAbHIELER , BEE(3+1)(1+1)=8

ELRY =IRZ I o ER A
EREE. RIZR EHEE

& EE FIENaE maiEse B9
B2 AEIARIV-shape

at:

Vsl
o =REESEENT ( cubic spline )
FEREE. RIEREERE ; ZEA=XRIT
FRAKNMER, 4+ EHEE
A EEM FIEINFANREISR S | FETAESET
FEEANESE (add—MNEISRAE)
o FEELNEE (add“HETSEM )
HRIEHRENS-3=5 , (MNEHRE : BTEGEsRE. —f&Es.
ZHESR)
akr:
ZREREMEAESE]T ( linear spline )
FEREE EER ; e A—XRIT
(RIESNEmTEd- 1N SEEBEEIESE

Wage

Wage

50 100 150 200 250

1

50 100 150 200 250

=IRZI\ TR EIS

Piecewise Cubic

=REZWM T EREIT (ESR)

Continuous Piecewise Cubic

1

% o e

=

o

200 2
|

Wage
1

50 100 150
1

1

20 30

T T I ; I T
40 50 60 70
- 2 l
Cubic Spline

CSRFEREIR (LK)

1

L

1

1

Linear Spline

- SEREREE ()

Wage
50 100 150 200 250

20 30 40 50 60 70

20 30 40 50 60 70




An Introduction to Statistical Learning- Moving beyond linearity

7.4 Regression Splines t¥3%[0])3
7.4.3 The Spline Basis Representation

=R HEESRE])IRBICubic Splines
K+3

vi = Bo+ Y Baba(wi) + €
d=1

« ZDREET  EREL(UEIFESHNIER | &REERY
Hiiﬁﬁ%ﬂwf, Xz; X3 ’ h(X, {:1)' h(X, EK)E’??}ué 1 H
P BERR

z—€)° dfgx
) = @-gf ={ E L Nt

otherwise,

© WATRIER | RUENIRE  EERRERERE

Wage

100 150 200 250

50

~— Nafural Cubic Spline
—— Cubic Spline
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7.4 Regression Splines t#5%[0])3
7.4.3 The Spline Basis Representation

o =RFEESEEYFEBLCubic Splines

A cubic spline with knots at &, k= 1,..., K is a piecewise
cubic polynomial with continuous derivatives up to order 2 at
each knot.

Again we can represent this model with truncated power basis

functions
yi = Bo + Bibi(x;) + Baba(z;i) + - - - + Br+3br+3(xi) + €,
bi(z;) = =
boy(zi) =
bg(a)z) = w?
brts(zi) = (@i — fk)i, ki=lysss5dC
where : )3 .
o3 (@i &) x>
(s = &)+ = { 0 otherwise

A cubic spline with K knots has K+4 degrees of freedom.

f(x)

b(x)

1.2 14 1.6

1.0

00 02 04

/’///

I l T | T l
0.0 0.2 0.4 0.6 0.8 1.0
X
I T T T — T
0.0 0.2 0.4 0.6 0.8 1.0
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7.4 Regression Splines t#5%[0])3
7.4.3 The Spline Basis Representation

« ZIHEHEFSREYIIRE Linear Splines

A linear spline with knots at &, k= 1,..., K is a piecewise
linear polynomial continuous at each knot.

We can represent this model as
Yi = Bo + B1bi1(x;) + Baba(xs) + - - - + Brr1br1(ws) + €,
where the by are basis functions.

bl(xz) = I
bit1(zi) = (zi—&)+, k=1,...,K

Here the ()4 means positive part; i.e.

(wz-—sk)+={ zi— & if 7> &

0 otherwise

A natural spline with K knots has K degrees of freedom.

f(x)

b(x)

0.7 0.9

0.5

0.3

00 02 04

| g e
I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0
X
//
,///
_//
o il
I [ I I [ [
0.0 0.2 0.4 0.6 0.8 1.0
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7.4 Regression Splines t¥3%[0])3
7.4.3 The Spline Basis Representation

BA=/RHES=BlYINatural Cubic Splines

17 fEARBHESREFANAFTINNEE ARIAIRE |, SITERIINE
izié%ﬁll}ﬂi%ﬂ?]ﬂé’ﬂﬁ , XFRE]FAp B ARESRE]NT |, RAPXTAZER

ZUEns() ;

BT EERIRIEY | I ABMAERET , e stERET | 41
BEREZLRIELL IEERIELIAIER |, JTEETagelMin , Z=H
BR[| 3EageRULFLMBRIRIE R ENNRakE.

®
S
=

100 150 200 250

50

et Nai'ural Cubic Spline

—— Cubic Spline
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7.4 Regression Splines t¥3%[0])3
7.4.4 Choosing the Number and Locations of the Knots

2 ) PRYESMERMAIER

REERITMHENE .
« (1) —MEEENEIESEIFRNE - ERUENTRENXEREREMNER , EREXTRENISIRE
REZHNER. RELISIMERXKERNZEE TS,
« (2) ZMEEARREEHE  REEZAEMNMEHEMNERMNE. BEERNNMEAILIEE IGIERIGIE,
* Asin Figure 7.4, we have fit a natural cubic spline with three knots, except this time the knot locations were chosen automatically as
the 25th, 50th, and 75th percentiles natural spline of age.

Natural Cubic Spline

| |
0.15
|

Wage

1

100 150 200 250 300
|

Pr(Wage>250 | Age)

50
|

20 30 40 50 60 70 80 20 30 40 50 60 70 80

Age Age



An Introduction to Statistical Learning- Moving beyond linearity

7.4 Regression Splines t#5%[0])3
7.4.4 Choosing the Number and Locations of the Knots

2 ) DRESMERHMIIE:

* Decide the number of knots:
* Cross-validation: find the K which gives the smallest RSS.

1680
|
1680
|

1660
|
1660
1

1640
|
1640
1

1620
|

Mean Squared Error
1620
|
Mean Squared Error

i

1600
|
e
1600
|

\ —®

.'—0——.;__. ° &= °—

.\.\. .,_,_,-.—.\.\.

T I T I I I I I I I
2 4 6 8 10 2 < 6 8 10

Degrees of Freedom of Natural Spline Degrees of Freedom of Cubic Spline

FIGURE 7.6. Ten-fold cross-validated mean squared errors for selecting the

degrees of freedom when fitting splines to the Wage data. The response is wage
and the predictor age. Left: A natural cubic spline. Right: A cubic spline.
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7.4 Regression Splines #5503
7.4.5 Comparison to Polynomial Regression{¥3z[0])35 2 Izt [B])FAIELAER

- ZIazi[|lY3Polynomials :
« ZINAEIRANTsEEERZHIRE (e 8. x1°)
- HESEMYJsplines :
. EITRAEEAIEE , FESHRAISRSET , PATLURES TR AR,

* Keep the degree fixed, introduce flexibility by increasing the number of knots

= Natural Cubic Spline
—— Polynomial

|

Wage
L | |

|

1

50 100 150 200 250 300

T T I I I I I
20 30 40 50 60 70 80

Age

FIGURE 7.7. On the Wage data set, a natural cubic spline with 15 degrees
of freedom is compared to a degree-15 polynomial. Polynomials can show wild
behavior, especially near the tails.
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7.5 Smoothing Splines F6iBt¥s%
7.5.1 An Overview of Smoothing Splines

+ BRSTEVERAITIT ARG IR CBIERIEME 2 EMMERNE |, FIRACh6IENMCFER , EER=IRERET , 5IA
B SEATIUGRIERE R HTET]. BMRIFERRE9s(x), SHE—ICEREESRE AR

* Goal:
* Find some function g(x) that makes RSS small: RSS = Y™ ,( y; — g(x))?
* Guarantee g(x) is also smooth.

* Find the function g that minimizes: (JAAJGBEFERIEFIRE)

how g fit the data well penalizes the variability in g
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7.5 Smoothing Splines Bt ¥5%
7.5.1 An Overview of Smoothing Splines

+ BRSTEVERAITI T ARG IR CBIERIEME 2 EMMERNE |, FIRACh6IENMCFER , EER=IRERET , 5IA
EBSEANIUGRIERE R WHTET. BMRIFERREIs(x), SHE—ICEREESRE AR

* Find some function g(x) that makes RSS small: RSS = Y, ( y; — g(x;))?
e Guarantee g(x) is also smooth.

* Find the function g that minimizes: (JAANJEBEFEBRIYFIRE) . —NE  Z SRR

- NS : RlIERAITMHER  BD, &
IR IR T Z =AY
B,

« “MERIERS A IXER ,
M ESHEFRNTER , EFa]

how g fit the data well penalizes the variability in g t‘éﬁ%%@iiiﬁ&&‘ﬂ%@ﬂ’ﬂ%ﬁ

* Where A is a nonnegative tuning parameter.(bias-variance tradeoff)

 A=0, penalty term no effect, function g will be jumpy,
e A — oogwill be smooth,

- EBS1 , BREERINEZES ALY | —ARAnTRE XIS — R XIGUE AR IHRE.
» "Effective Degrees of Freedom”
* The number of free parameters is an inappropriate measure of model complexity due to 4
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7.5 Smoothing Splines EiB{f5%

7.5.1 An Overview of Smoothing Splines

[e) (o]
8 lambda = 0O .
81 mse= 15.68 o s
[o] © o
& o) o
w
[« %
g o
‘E K o ©
: 5 %5
- [o}
o] ooo o =
0 O [o]
o
] o °
3° % g
8 o
n - O e}
(o]
| | | | | |
0 10 20 30 40 50

tri.data$age

« Lambda5SMSERYKR
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7.5 Smoothing Splines Bt ¥5%
7.5.1 An Overview of Smoothing Splines

Smoothing Spline (df = 101) Smoothing Spline (df = 6.46) Smoothing Spline (df = 2)

w0 | o

©

o

> > -t >

10

S -

s

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
X X X

» "Effective Degrees of Freedom”
* The number of free parameters is an inappropriate measure of model complexity due to 4
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7.5 Smoothing Splines Bt ¥5%
7.5.2 Choosing the Smoothing Parameter 21

e We can specify df rather than !
In R: smooth.spline(age, wage, df = 10)
e The leave-one-out (LOO) cross-validated error is given by

RSSa () = > - 9 @) = 3 [ 42|

In R: smooth.spline(age,wage)

S BRERES, = [ :

Sni

y

S11

Sy

Sin

Snn
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7.5 Smoothing Splines Bt ¥5%
7.5.2 Choosing the Smoothing Parameter 21

Delete the i-th row and column,
renormalize the rows to sum to one

N 1 L A n A Yi — §—s = Yi — Ui + 85y — 9—4)
yoi = 1 — sy E :Sz'jyj Y—i = Zsijyj + SiilY—i
=1 =) =1 4 . yi—
j#i J71 ; s ¥ UR

n
= Z SijYj + SiiY—i — SisYi

n
Yi = E SijYj .
j=1 = Yi + SiiY—i — SiilYi
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Local Smoothing
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7.6 Local Regresssion BEB[E])3

o XIxSBIEE AV IIEEAsample mean , FsRGITHRANEIITSTE.
ARSI IRIEE X s

 Rule of thumb, Pulg-in, F/N_FIAZXIGUEE = S E 0*0

Kernel Probability Density Estimation (Rosenblatt, 1956; Parzen, 1960) 2

 Suppose {X;}i-; is an IID random sample from an unknown LA

probability density function f(x) with support [a, b], where a < b. X
* Then a kernel estimator for f(x) at a given point x € [a, b] is

o 1 I I i I
f(x) :; ?=1Kh(Xi—x)9 vor A
where m

1 Xi— [
Kn(X; —x) = > K(==

K:[—1,1] - R"is a kernel function,and h = h(n) > 0asn —» ©isa / \

0.0

bandwidth.
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mabEl)3

7.6 Local Regresssion 5
- BEIEIARS—MINGIFEMRERYGE | EXTERINEN REFT LUARRINE |

BRI EREERIRN,

Local Regression

ATERFEEL , BIFSEESRRZERE

- IO BRERK
- [BERE]ARYREY
A Bmﬂwd\

FEIE(WLS)

- X“BEERAVE N - dBbin , AIHBEEX R

gt ) TR/ RREHE | BE

ABL./B.

s, SEEIHIE/N

DRI HOSE R A |

=

EEU‘F-?M‘S@%UEEE’%@@/J\O
RN QU AR IBRES
FEANRE—ME

« Goa:“REREFHF M "EHF /N

Focal point

B4 NFRBIESHFERETEIIULIRTA— Local Weighted

Sample Mean of {Y;}i-,

+ FRAVHESEUTEAIERERRBIE (neighbors) FIRRINE
(weights)

-
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7.6 Local Regresssion BEB[E])3

+ Nadaraya-Watson # it/ R &I EVA75 i
+ FRERAIEIFREL () BT

Kernel Regression Estimation (Nadaraya, 1964; Watson, 1964)

* The Nadaraya-Watson estimator is a local weighted sample mean
#(x) =argmin Y, (Y; — r)?K,(x — X;)
r

« FOC

N M(x) &
r(x) = 70 Yi=1 Wi(x)Y;

1l
in|

HpiNE

Ky (x — X;)
?:1 Kh(x - Xl) '

wi(x) =
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7.6 Local Regresssion BEB[E])3

- BEfZIIEYIGE
«  BZIEURXSEIFRREL () TihTT

* The idea of using a local polynomial: Katkovnik (1979, 1983, 1985)
and Lejeune (1985):

min ¥, (Y; — Zja) Kp(x — X))
whereZ; = (1,X; — x,..., X —x)P)'=(pp+1) x 1
a = (ap,ay, .., ap)=(pP+1)x1
» when p = 0, it becomes a local constant smoothing.

» when p = 1, it becomes a local linear smoothing.
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7.6 Local Regresssion BEB[E])3

- BEfZIIEYIGE
«  BZIEURXSEIFRREL () TihTT

* Locally WLS: a=2Z'wz)'Zwy

» p=>1, Bias = 0(h?) V x € [a,b]
» @ has an equivalent kernel representation:

Rv(u)
TREGD) [1+0,(1)]

Hep K, (w) B—MZREL, 1T f(x) 2 X B ERE,

-~ ~ Xi—=X -~
a, = ?:1 Wv(lT)yi' w,(u) =
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7.6 Local Regresssion F&f[E])3
» BEEIFRS—FMIEIFELERERTTE | EXTERNENRETFLUAERNE | S EREENSME.

 BsRmEE ] 2) s wocon B

lowess &%
F(z0) = 2.i yil (@i — zo| < h) ]3( = > i YiKpl(Ti, 7o) 1) BEHIRED = (v, y,), HEEHK),
z’i I(|z; — zo| < h) ) = Z Kh(.’L' xo) ) 2) BERBBEEAV(x) = argmin Y1 K(x, x;) #[wlx; — y:|
z o 3) BEIAEEN() x

5| IG5 | Flocal averagets - FEBIIAR AT RTFEEE

BUHATHOE | SKBESHT |, R ( locally weighted scatterplot
e SR
o . s Y ::I:, ° HEFab = =) 1B A2 W AW ERY . #A;ﬁ” 7;5” c=Eadllaly N
ﬁ;&,\ﬁ“ . 13'1«"'%%3 ELE_g;k HitEEE), T%' Ii-ll_ X/g‘%i%ﬂji’/_gﬁ{ﬂg‘g )I\'Z-i’
T SRR IR | %75 B XY RrEnt 75l —RIAS,
RS RS SREFRNWATER

* New-new
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mabEl)3

7.6 Local Regresssion |

* LOWESS

20

15

10

The main ideas!

1) Use a type of sliding window to divide the
data into smaller blobs.
2) At each data point, use a type of least Now that we have fit a line to the data. ..

squares to fit a line.

we use it to define the first point in the fitted curve. (o]
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7.6 Local Regresssion BEB[E])3

* LOWESS

This guy is an outlier.

™~

XxXx

To reduce its influence on the new
curve, we create an additional
“weight” for the weighted least
squares based on how far the

original point is from the new point.

X X

And the weights based on
the distance from the new

points. O




An Introduction to Statistical Learning- Moving beyond linearity

7.6 Local Regresssion BEB[E])3

* LOWESS

. s Hooray!!!!

Here’s the final curve fit to the data!

i ii O

—
b
-
-

—
—
-
-
-

|
| | | | |
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7.6 Local Regresssion 5

LOWESS

mabEl)3

We could fit lines to the data
in each window ..

Comparing the standard weight functions

Weights

00 02 04 06 08 10

-1.0 -0.5 0.0 0.5 1.0

Scaled distance

Or we could fit parabolas..

—
—
—

Alternative weight function

00 02 04 06 08 10

-1.0 -0.5 0.0 0.5 1.0

Scaled distance

20

15

10

Here’s the curve using weighted
least squares to fit a line at each

, /step

X : "V‘
Here’s the curve
fitting parabolas at ‘
each step. 10 15 20
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7.7 Generalized Additive Model |~ o] N{&E8Y

7.7.1 GAMs for Regression Problems

- BIE , BINEENET—LE5E , (FARBRSIEEERT B, XE5ALAFA MARIMEEL (GAMS) FHESRE |, 24N

P
Yi = 50+ij($ij)+€i
j=1
= Bo+ fi(xi1) + fa(ziz) + - - + fo(zip) + €.

o ZFRLAZEINE RS . REATNITTFENREX; #E
JBITRS;, §;, AR AR IINRE  REFR—IEkA
SEFTY

«  GAMSHULERRR :

«  AJLAS | NJELR IR EL;, (B B &/ B ERZ I\ [a]3)

o JEEMME ORISR YN B R

- REAEEIMER , R R HERERR RIS 5L
AT LAERT

. EREMEMER , GAMsHAREALTENRH
YERX; <Xy, , REEBIFNRINZ BRI TS

wage = By + fi(year) + fo(age) + f3(education) + €

<HS HS <Coll  Coll >Coll

10 20 30

fi(year)
0
f2(age)

-50 -40 -30 -20 -10 O 10 20

f3(education)
3 -20 -10 0 10 20 30 40

-30 -20 -10

I R "li m m om o

2003 2005 2007 2009 20 30 40 50 60 70 80

education
year age
FIGURE 7.11. For the Wage data, plots of the relationship between each feature
and the response, wage, in the fitted model (7.16). Each plot displays the fitted
function and pointwise standard errors. The first two functions are natural splines
in year and age, with four and five degrees of freedom, respectively. The third
function is a step function, fit to the qualitative variable education.
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7.7 Generalized Additive Model [~ o] l{&E5Y
7.7.2 GAMs for Classification Problems

(X) :
X log 2 = Bo + B1 X year + fa(age) + f3(education),
log (% )’)) = Bo + f1(X1) + fo(X2) + - - - + fp(Xp). (1 _p(X)>

p(X) = Pr(wage > 250|year, age, education).

GAMSs can also be used in situations where Y is
. . <HS HS <Coll Coll >Coll
qualitative 4

400
Il

200
|

[ S S S

0
1

fi(year)
f3(education)

-200
1

-400
|

2003 2005 2007 2009 20 30 40 50 60 70 80

education
year age

FIGURE 7.13. For the Wage data, the logistic regression GAM given in (7.19)
is fit to the binary response I(wage>250). Each plot displays the fitted function
and pointwise standard errors. The first function is linear in year, the second
function a smoothing spline with five degrees of freedom in age, and the third a
step function for education. There are very wide standard errors for the first
level <HS of education.
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Summary-IEB#5i%

< Motivation: 4{AIZRAEE FEFRRVSFALE ?
< ldea: A TSI ERENBEMN ZFNERED D | LIRS FESCAIRETF .
< (1)57ERLIE
< FHIR/FEE/SLrE N/
<+ (2)BRBERER-(FRFN)
<+ 3)2B/RFEHE
% Realization: B FH%q
< M—RREIHFTR
< ZInz\[El3
< FIERERZEL
< DERZINTVFERMAITTE
< HREMH
< BETTR 1. ZBIMIHIXR ; 2. PERERBENE
s JELEEESE/ETTIE min“Loss + Penalty”
s BEBZINTVAITA
< ZEREHE

4

L)

CAR)

L)

(AR
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Summary-JESH X

24 SRS ITNEFFEE. BRBS5hZE

(1) Key Assumption: Data generating process (DGP) is an unknown

stochastic process.

(2) Model-free : FIFRMREH L. JEEMRBR
(3) Criterion: Mean Squared Error (MSE)

(4) XE2WEEGHEREE (RAIITEEHESEE) ?

Trade-off between variance and squared bias

]
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Summary-IES&5EiE

HothBEF RR. BESHZE

(5) WEUERE (Convergence Rate) EUIRIE, TELLVEARIEAR (n)

v" For kernel multivariate density estimation, the optimal convergence

rate
MSE [f(x), f(x)] o n”7as1,
where d 1s the dimension of X;.
(6) MREETE X; FRETE, FEHERME (Curse of Dimensionality)
(7) IESEHRERATRRENG . REARBEFENAIRERE
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Summary-IES85EE

N -

SRRSEMET - SRfEE . TR ARAENY , Bid
. BRRRISHIERST SLERTIE
. SERT ARSI EEER . 2BUEEEHREEER

FeErEE AT . Xﬂ%;ﬁ:‘:ﬁﬁ%ﬂ’ﬂ{féEﬁ %=, FETR
RS BE GESEFNANEINEE ;
- ITEBN

o KernelZX{K
FEpzmzliitr - BEhi  BFEERLFZLE ; - RAFHEEMAIZIER
- OETFEEREEIUE LOWESE/Robust Regression

KernelZ:{A
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